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Abstract

We consider a twisted version of topological Hochschild homology for C),-ring
spectra. For computing counit-unit composites, we use an original choice of coset
representatives {e,y", 7>, ..., 7"~} for Cpx, /Cpr-1,, which yields the identity
after restriction, mirroring the triangle identity, making this the “categorical”
choice. For H C GG, we prove that there is an identification between the twisted
cyclic bar construction for G of a norm from H and the subdivided twisted cyclic
bar construction for H: i4B#“(NSR) = sd,, B (R). Finally, we propose a
definition of C),-twisted TC¢, and prove that this definition can be identified with

a homotopy equaliser.
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Notation and terminology

In the following, X, Y can be interpreted as topological spaces or spectra.

Notation

XuYy

gn
XVY

XANY

A= B
X~Y

X ~Y

e

Ch
Terminology

Space

The space consisting of a single point.

The closed interval [0, 1].

The disjoint union of X and Y.

The disjoint union of X and a point .

The n-dimensional sphere, S™ := {z € R""! | ||z|| = 1}.
The wedge sum of X and Y.

The smash product of X and Y.

A and B are isomorphic in the appropriate category.
Spaces or spectra X and Y are homotopy equivalent.
Spaces or spectra X and Y are G-homotopy equivalent.
The trivial group.

2mi/n

The multiplicative group generated by e

Compactly generated weak Hausdorff topological space.

xi1l






Chapter 1

Introduction

A first insight in to why one may study homotopy theory comes from Whitehead’s
theorem [46] stating that spaces can be identified up to homotopy by their homo-
topy groups. In many situations however, the objects with homotopy properties
we wish to study (such as spaces, spectra or simplicial objects) carry natural
group actions. In classical “nonequivariant” homotopy theory, these actions are
typically ignored, such that we study only the underlying objects. However, by
discarding the equivariant structure, we may lose valuable information. This is
fixed using equivariant homotopy theory, in so far as it takes group actions into
account, thereby providing a richer and more accurate framework for understand-
ing homotopy types. Equivariant methods have played a central role in resolving
deep problems in topology, most notably, Hill, Hopkins and Ravenel’s solution
of the Kervaire invariant one problem in [22], where equivariant techniques were
required, despite the problem being originally formulated without explicit refer-
ence to equivariant homotopy. This emphasises that equivariant tools can be the

hidden structure necessary to unlock otherwise intractable problems.
Classically, topological Hochschild homology (THH) refines Hochschild ho-

mology from rings to ring spectra and, via its cyclotomic structure, feeds into
topological cyclic homology (TC) and ultimately into computations in algebraic
K-theory. Motivating this theory, THH and TC serve as trace approximations to
algebraic K-theory.

The purpose of this thesis is to assemble the homotopy theory and equivariant
foundations so as to move from THH to a combined version called twisted THH.
Throughout, we detail structural results and concrete computations to illustrate
the objects involved. The exposition is organised to move from fundamentals

to applications: homotopy and stable techniques, their equivariant refinements,
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THH and finally twisted THH and twisted TC. We aim to follow the framework
of Bohmann, Gerhardt, Krulewski, Petersen, and Yang (BGKPY) in [7] by in-
troducing the prerequisite knowledge for their paper in Chapters [2] 3| and [4] and
commenting on subtleties in Chapter [5

Following the treatment of BGKPY, we introduce the twisted cyclic bar con-
struction for C),-ring spectra and give a construction of twisted THH and its
algebraic analogue. The authors make an explicit choice of coset representa-
tives in their Lemma 6.10. Their choice of coset representatives aligns with the
twisted cyclic bar construction allowing for simplification of their arguments;
however, there are other natural choices. From category theory, we expect
the specific formula in Lemma 6.10 for the composite of units and counits to
be the identity. Using their choice does not yield the identity. In this the-
sis, we make two technical contributions in order to simplify and contribute
to the discussions and proofs in their paper. We show that a different choice
of coset representatives {e,y",7*",...,y?~U"} for Cp,/Cpr-1, makes the unit-
counit composite act as the identity after restriction, mirroring the triangle iden-
tity, making this the “categorical” choice. We then go on to prove Theorem
b.1.11} with the authors’ choice of coset representatives which gives an identifica-
tion 1% B Y(NSR) = sd,, B! (R). Finally, we propose an original definition of
Cy-twisted TC¢, in Definition [5.2.3] and give Theorem reconciling this with
the nontwisted case.

Throughout the thesis, we often make reference to spaces without any mention
of exactly the types of spaces we are considering. Almost nothing is true in
the category of all topological spaces. Instead, we make the mild restriction to
compactly generated weak Hausdorff spaces. Therefore, when making a claim for
all space, in actuality we are referencing all spaces with this mild restriction.

An outline of the chapters of this thesis is as follows:

Chapter 2 - Homotopy Basics. We review core tools in homotopy theory and
its stable counterpart, including homotopy groups, Whitehead’s theorem, cover-
ing space methods, fibrations, and the Serre spectral sequence, before turning to
stable constructions and categorical background that will be used throughout.

Chapter |3| - Equivariant Background. We develop the genuine G-equivariant
setting: equivariant homotopy and stable homotopy theory, Mackey, Green, and
Tambara functors, and discussion of fixed-points. Core discussions include the
tom Dieck splitting, which decomposes categorical fixed points in terms of Weyl-
quotients and fixed-point spaces, and a systematic treatment of homotopy or-

bits/fixed points, geometric fixed points, and the Tate construction that un-



derpins cyclotomic structures. These constructions prepare the groundwork for
discussions of THH and TC in later chapters.

Chapter [d] - Topological Hochschild Homology. We move on from the algebraic
Hochschild homology to THH by replacing tensor with smash and rings with ring
spectra via the cyclic bar construction. We then give a worked computation of
THH(F,), discuss a Thom spectrum perspective, and introduce TC together with
its relationship to Witt vectors on 7.

Chapter |5 - Twisted Topological Hochschild Homology. Following discussion
of BGKPY, we introduce the twisted cyclic bar construction for C),-ring spectra
from [7] and define twisted THH¢, (R) as its geometric realisation (or equivalently
via a norm-model). We then develop an algebraic analogue using twisted cyclic
nerves of Mackey functors. We adopt and discuss a “categorical” choice of coset
representatives {e,v", v, ..., v~} for Cpr,,/Cpr-1,, which makes norm unit-
counit composites behave like formal triangle identities after restriction. Further
to this, we prove Theorem [5.1.11] identifying i% B¢ (NG R) = sd,, B& (R). We
go to define C,-twisted p-cyclotomic spectra and discuss the subtleties of THH¢,
being p-cyclotomic. Finally we propose an original definition of C,, twisted TC¢,
and Theorem [(5.2.5]

As prerequisites, we assume point-set topology at the level needed for com-
pactly generated weak Hausdorff spaces. We assume familiarity with basic alge-
braic topology at the level of Hatcher’s books [19] and [20] and basic category
theory at the level of MacLane’s book [26, Ch III, IV, V, VII, X, XI], includ-
ing (symmetric) monoidal closed categories. The equivariant material is fairly
self-contained in Chapter |3, and we review simplicial preliminaries for THH in
Chapter [ Readers new to Witt vectors will find a short primer at the end of
Chapter [4

We propose an original definition of C,,-twisted TC¢, in Definition and
state and prove Theorem [5.2.5] We discuss the subtleties of a p-cyclotomic struc-
ture on twisted THH and in defining twisted TC compatible with the ¢, twist.
The proof of Theorem completes the sketch in [9]. To the best of the au-
thor’s knowledge, the formulation and proof of Theorem [5.1.11]in this generality,
and the coset choice simplification outlined in Chapter [5| are original. Theorems
in Chapter 2l and Theorems [3.1.9] [3.6.2] [4.3.8], [£.5.6] [£.5.7] and [5.1.10] are proved
here, though they are well documented. Example is computed in full detail
and the examples of THH(IF,) and TC(F,) are computed almost in full. All other

results are standard in the literature and are cited appropriately.
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Chapter 2
Homotopy Basics

This chapter collects the basic homotopy theoretic tools that will be needed later.
We begin with homotopy and stable homotopy groups and tools for computing
them.

2.1 Homotopy Theory

Homotopy groups detect “higher dimensional holes” in a way that is easier to
define than (co)homology groups, but usually more difficult to compute. The mo-

tivation for studying homotopy groups comes from Whitehead’s Theorem [2.1.2]

Definition 2.1.1. Let (X, z0) be a based topological space with basepoint z.
For k > 1, the k-th homotopy group mi(X,x¢) of X based at xg is the group of
homotopy classes of basepoint preserving maps from S¥ — X. We can also think
of these as maps from I¥ — X that map the faces to the basepoint 9I* — .
For k = 0, we write my(X) for the set of path components of X.

Sometimes we shorten this to just m(X), if either the basepoint is clear from
context, or if the choice of basepoint is irrelevant to the argument.

We know that if two spaces X,Y are homotopy equivalent, then they have
isomorphic cohomology groups and rings. However, the converse implication does
not hold. In order to have a sufficient condition for homotopy equivalences, we

need to extend to homotopy theory. This is shown through Whitehead’s Theorem:

Theorem 2.1.2 (Whitehead, [46]/[19, Thm. 4.5]). A based map f: X — Y of
based CW complexes is a homotopy equivalence if and only if for all k € N and

xo € X, f induces isomorphisms

For me(X, o) = (Y, f(20))-

Ot
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We now give background on some methods to compute homotopy groups.

Definition 2.1.3. Let F, X and Y be based spaces. A map p: ' — X satisfies
the homotopy lifting property if given a map f: Y — E and a homotopy F}; of
f=po fin X, there is a homotopy F, of f in E which covers F;. This is to say
that po ﬁt = F;. This property may be expressed in terms of the diagram below.

y - E

ﬁt /7
(id,0) g p

Y XxI — X
Iy
A map is called a fibration if it satisfies the homotopy lifting property.
Dually, we have cofibrations.

Definition 2.1.4. A map i: A — X of based spaces satisfies the homotopy
extension property if for every based space Y, every based map f: X — Y
and every homotopy Hy;: A x I — Y with Hy = f|a, there exists an extension
ﬁt: X x I — Y such that ﬁ[t|AX1 = H, and ﬁ[o = f. This property may be

expressed in terms of the diagram below

AxIUAX{O}Xx{O}ﬁY

I -7 Hi

-

X x1I

A map is called a cofibration if it satisfies the homotopy extension property.

Theorem 2.1.5. A covering space p: (X,%o) — (X, o) induces isomorphisms
Pt (X, Fo) = m0(X,z0)  for alln > 2.

Proof sketch. For surjectivity, apply the lifting criterion which implies every map
(S™,50) — (X, o) lifts to (X, T,) for simply connected S (so n > 2). For
injectivity, use the homotopy lifting property. O

Theorem requires the isomorphisms being induced by a map. We give

an example exhibiting this requirement.

Example 2.1.6. Consider X = S? x RP? and Y = RP? x S3. Then, m(X) =
Z/2 = m(Y), and both X, and Y have the same universal cover S? x S3, so by
Theorem [2.1.5] 7,(X) = 7,(Y) for all k£ € N. However, we can show that X and
Y are not homotopy equivalent. Recall that with Z coefficients, Ho(RP?) = 0
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and Ho(RP3) = 0. By the Kiinneth theorem for homology we compute Ho(X)
and HQ(Y)

Hy(X) = Hy(S? x RP?)

(H\(S?) ® Hi(RP®)) @ (Ho(S?) ® Hy(RP?)) @ (Hy(5%) @ Ho(RP?))
0®Z/2)B(Z®0)® (ZRZ)

Z.

12

I

12

On the other hand,

Hy(Y) = Hy(RP? x S%)
= (H\(RP?) ® Hi(S%)) ® (Ho(RP?) ® Hp(S”)) @ (H2(RP?) @ Hy(S?))
~(Z/220)®(Z®0)® (0 Z)

0.

2

Since Hy(X) 2 Ho(Y), X and Y are not homotopy equivalent.

Similar to a short exact sequence behaving well with (co)homology, fibrations

behave well with homotopy.

Theorem 2.1.7. Let p: (E,ey) — (B, by) be a basepoint-preserving fibration, and
set == p~Y(by) with basepoint eq € F. Write i: F — E for the inclusion. Then

there is a natural long exact sequence
oo = m(Fe0) 2 mi (B, e0) 2 mi(B,bo) 2 w1 (Feq) — -+

Proof sketch. We construct the connecting map 0 and then indicate exactness.
Represent a class [a] € m(B,by) by a map a: (I*, 0I*) — (B, by), so algpx = by.
Let c.,: OI* — E be the constant map at ey, then p o c,, = alyx. By the
homotopy lifting property for the pair (I*,9I%), there exists a lift a: I* — F

with poa = a and a@|ypr = ¢, shown in the diagram below.

aI* x {1} ———

Ceq E
Ji a/,/ lp
-
_—
1 = B

Since the top-face 1% x {1} C I*, we have po a(z,1) = a(x,1) = by. Hence
a(-, 1) lands in F. Define

O] = [a(-,1): (I, 01" ") = (F,e)] € me_1(F, €g).
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We now show that this is well-defined. If o ~ o relative to 9I%, apply
the homotopy lifting property to obtain a homotopy & ~ &' relative to OI*.
Restricting to 9% x {1} shows da] = d[a/]. Next, if @ and &' are two lifts with
the same boundary c,,, by uniqueness of lifts up to fiberwise homotopy, they are
homotopic relative to 91, so their top-face restrictions are homotopic in F. Thus
0 is well-defined.

Now we give some indications of exactness. At m(F): If i.[3] € 7 (E) with
B: I* — F, then p,(i.[3]) = [po 8] = 0. Conversely, if p.[y] = 0, then po~y ~ b,
relative to the boundary. Lift this homotopy to deform « into F', showing [v] €
im(i,). Then at my(B): If [o] € kerd, choose a lift & as above whose top-face
restriction is null-homotopic in F. Glue this null-homotopy to obtain a map
I* — F lifting «, hence [a] € im(p.). Conversely, if [a] = p.[y], take & = 7, then
J[a] = 0.

The remaining verifications are standard and give exactness at every stage. []

We now introduce some spaces used in common fibrations for computing ho-

motopy groups.

Definition 2.1.8. The path space of X is the space PX consisting of all the
paths in X with initial point at the basepoint, PX = Map, (I, X). The loop
space of X is the space 2X consisting of all the loops in X with initial point at
the basepoint, QX = Map, (S, X). The free loop space of X is the space LX
consisting of all loops in X, LX = Map(S!, X). The (reduced) suspension of X

is given by an identification of the double cone over X:

X = (X x ])/((X x {0}) U (X x {1}) U ({zmo} x I)).

We can equivalently write the suspension as XX = X A S!, and with this
suspension definition, can further define ¥* = %(31X) = X A S? since S A
Sl =~ Gt Also, PX is contractible, by retracting every path back to the basepoint.

Theorem 2.1.9 ([36, Prop. A.2.3]). There is an adjunction
»': Top, = Top,: Q'
for each i € N. In particular, m;(Y) = 7, (QY).

Combining this theorem with Definition , we can equivalently write Q!X
as the space of based maps from S — X, Q'X = Map, (5%, X).

With these definitions, there is a natural projection p: PX — X given by the
endpoint of a path. From this, we get the pathspace fibration: QX — PX — X.
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Theorem 2.1.10. QX — PX — X is a fibration.

Proof. We prove the homotopy lifting property. Let Y be any space, let H: Y x
I — X be a homotopy, and suppose we are given a lift f: Y — PX with
po f = H(-,0). Equivalently, for each y € Y we have a path f(y): I — X
with f(y)(0) = zo and f(y)(1) = H(y,0). Define a map H: Y x I — PX by

specifying, for (y,s) € Y x I, the path H(y,s): I — X as the concatenation

1
o< {/0E0 o<}

H(y,(2t—1)s) i<t<1
This is continuous (with the compact-open topology) and starts at xy for all
(y,s) since H(y, s)(0) = f(y)(0) = zo. At t = $ the two pieces agree because
f(y)(1) = H(y,0), by the assumption po f = H(-,0).

By construction, p(ﬁ(y, s)) = H(y,s)(1) = H(y,s) and H(y,0) = f(y).
Hence H is a lift of H starting at f, so p satisfies the homotopy lifting property.
Therefore p is a fibration. Finally, the fiber over zy consists of paths a with
a(0) = a(1) = z¢. That is, loops based at zy. Thus p~(zg) = QX. O

It turns out that (co)homology can be computed from a fibration as well. The
Serre spectral sequence computes (co)homology of the total space of a fibration
from the (co)homology of the base and fiber. It also encodes how m(B) acts on
the (co)homology of the fiber.

Theorem 2.1.11 ([20, §5.1]). Let F — E 2 B be a fibration with B simply

connected and CW. There are first quadrant spectral sequences with signatures

Ey = Hy(B; Hy(F)) = Ho(E),
Ey' = HY(B; H'(F)) = H*"(E)

natural in maps of fibrations.

For B not simply connected, coefficients are twisted by the m(B)-action. For
cohomology with a commutative ring of coeflicients, the Serre spectral sequence is
multiplicative. That is, d,. is a derivation and E5" identifies with the cohomology
of B with coefficients in the graded-commutative algebra H*(F'). This is useful

for tracking product structures.

Example 2.1.12. Consider the pathspace fibration QX — PX — X. Since PX
is contractible, H"(PX) = 0 for n > 0, so all classes in By’ = H*(X; H/(QX))
must be killed by differentials. This will be useful in computations in Chapter [4]
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2.2 Stable Homotopy Theory

Homotopy groups can be very difficult to compute. We instead change perspective
and compute the stable homotopy groups. This stability is made precise in the

following:

Theorem 2.2.1 (Freudenthal Suspension, [19, Cor. 4J.3]). Let X be an n-
connected based space. Then the map X — Q(XX) induces a map m(X) —
(X)) = 11 (2X) which is an isomorphism if k < 2n.

Example 2.2.2. Since S™ is (n — 1)-connected, by Theorem [2.2.1] 7, 44(S™) =
T4k (S™) for nym >k + 2.

Theorem implies that in the sequence of iterated suspensions
Wk(X) — 7Tk+1(EX) — 7Tk+2(22X) —

all maps are eventually isomorphisms. For any X note that ¥ increases the
connectivity of X by one, so the maps are eventually isomorphisms, even without
any connectivity assumptions on X. With this, we can then define the stable

homotopy groups based on this eventual isomorphism.

Definition 2.2.3. The stable homotopy groups of X are

m(X) = lim 745 (Y¥X), forkeLZ
J

One may think that a simple space to consider would be X = S°. However,
this turns out to be a deep and complicated problem to compute the stable

homotopy groups of S°.

Example 2.2.4. Consider X = S°. Since ¥/S" = S the definition 7§(X) =
ling [Sk+i 39 X] gives w5, (S™) = w5, (S°). We know that 7 (S*) = Z, so we get
75(S%) 2 Z. For k > 1 the groups 7 (S°) are generally very complicated.

Note that a priori, we could have negatively graded stable homotopy groups,

since we are only looking at the eventual isomorphisms.
Corollary 2.2.5. Let X be a space, then w3 (X) is concentrated in k > 0.

Proof. Let k < 0, we have m;_(37%X) = mo(X7%X) = 0. Since XX is at
least (—k — 1)-connected, by Theorem T(X7FX) — m(X7FX) is an
isomorphism. Reapplying this theorem at each step gives that m,;(X/X) = 0
for all j > —k. ]
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When we study stable homotopy theory, it turns out to be richer to work with
objects called spectra instead of spaces. We will see that the homotopy groups of

some spectra can be associated to the stable homotopy groups of a space.
Definition 2.2.6. A sequential spectrum X consists of the following data:
e based spaces X, for each n € N,
e based maps g,: XX, = X,11.

A map of sequential spectra f: X — Y is a sequence of maps f,,: X,, = Y,, such

that the diagram below commutes:

NX, = vy,

bl

fn+1
Xpt1 — Yo

We give some examples of basic sequential spectra.

Example 2.2.7. The sphere spectrum, denoted S, is a sequential spectrum where
the n-th space is S™. Each S™ is a based space, and since X.5™ & S"*! there is

the canonical map o,,: ©S" = S+,

Example 2.2.8. Let X be a based space. The suspension spectrum of X, denoted
Y>*X, is a sequential spectrum where the n-th space is (¥*°X), = X"X. Each
>" X is a based space, and trivially we have maps o, : 23" X = oyn+ly

It turns out that we cannot define a symmetric monoidal product on sequential
spectra, which is desirable for when we go equivariant. To fix this, we look at

more structured spectra.
Definition 2.2.9. An orthogonal spectrum X consists of the following data:
e based spaces X,, with O(n)-action for each n € N,

e based maps oy, "X, = X4, that are O(n) x O(m) C O(n + m)-

equivariant.

A map of orthogonal spectra is a collection of O(n)—equivariant maps f,: X,, —

Y,, compatible with the structure maps.

To define a product, it is convenient to take a step back to orthogonal se-

quences and their external smash product.
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Definition 2.2.10. An orthogonal sequence X consists only of the data of based
spaces {X,, }nen with an O(n)-action on X,,. Define the external smash product

of two orthogonal sequences to be

(XAY), = \/ O(n)s+ Nowxoy) Xi AY;.

i+j=n

Considering S as an orthogonal sequence, an orthogonal spectrum X is an S-
module. For orthogonal spectra X,Y, define the smash product X A'Y as the
coequaliser: X ASAY ? XAY —— X NY.

To see that the definitions of an orthogonal spectrum agree, let X be an
orthogonal sequence. Since (XAS), = V/,,,_, O(n)y Aogxo@) Xi A S7, a map
o (XAS), = X, is the same information as O(n)-maps O(n)+ Ao xo@) Xi A
S7 — X,,. Then by definition, these maps are the same information as O(i) x O(j)-
maps X;AS7 — X, the required maps from Deﬁnitionof orthogonal spectra.

The external smash product is visibly symmetric monoidal, as is the smash
product defined above, due to [29]. We could consider a similar construction for
sequential spectra, but this turns out to not be symmetric monoidal. For X,Y
sequences of based spaces { X, }nen and {Y,, }nen, and external smash (XAY), =
Vit j=n Xi NYj, define the smash product in the same way and consider S A S.
The symmetry map 7: SA'S — S A'S at the second level will be ST A ST =25
St A St =~ §2 We know that this is a degree —1 map, but that means that 7

cannot be the identity, so the product is not symmetric.

Remark 2.2.11. For the remainder of this thesis, when we take the smash prod-
uct X AY of orthogonal spectra, we mean a derived version of the smash product.
Equivalently, taking the smash product after doing a cofibrant (to be defined in
Definition replacement on the spectra. This is analogous to using the
derived tensor product or taking a projective resolution in algebra.

Most of the spectra we care about and use turn out to be orthogonal spectra.

Example 2.2.12. Following on from Example [2.2.7 the sphere spectrum S is an
orthogonal spectrum. To see this, consider S™ as the 1-point compactification of
R™, then O(n) acts on R" U {oo} ~ S™ with {oc} the basepoint.

In what follows, when we say spectrum, we mean orthogonal spectrum, and

we denote the category of orthogonal spectra simply by Sp.
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Definition 2.2.13. A ring spectrum A is a spectrum equipped with a multiplica-
tion map pu: ANA — A and a unit map n: S — A which satisfies (strict) associa-
tivity and unital conditions: p(id Ap) = p(pAid), and p(id An) =id = p(n Aid).

A module spectrum is a module over a ring spectrum.

We can consider the swap map 7 which swaps the smash factors in AA A. We
say that a ring spectrum is (strictly) commutative if u7 = p. One could define
ring spectra which satisfy the associativity, unital and commutativity conditions

only up to homotopy, though we only deal with the strict versions.

Example 2.2.14. Following on from Example [2.2.12] the sphere spectrum § is
a ring spectrum with S™ A S™ = S™*+™ In particular, SAS = S.

We now want to do homotopy theory with spectra.

Definition 2.2.15. Let X be a spectrum. The homotopy groups of X are given

by a colimit over the groups,
Wn(X) = hg"lﬂ'n—&-k(Xk)

It is common to just write 7, X, though we make an effort to write , (X) when

this helps clarify order of operations.
We can see that this extends the stable homotopy groups of spaces:

Example 2.2.16. Let X be a based space, by definition of the suspension spec-
trum, 78 (X) = m,(X°X). For X = S° we know by definition that 3>°5% = S,
so we see 75(S%) = 7, (S). For this reason, it is common to see S° in place of S

in the literature.

Theorem 2.2.17 ([27]). The category Sp of (orthogonal) spectra is a closed
symmetric monoidal category with unit S. For every spectrum Y, the functor
(=) ANY:Sp — Sp has a right adjoint F(Y,—): Sp — Sp, called the internal
function spectrum. Moreover, Sp is enriched, tensored, and cotensored over based

spaces: for a based space A and a spectrum X, the tensor is X NA and the cotensor

is Map, (A, X).

Here (X A A), = X, A A and Map, (A, X),, = Map, (A, X,,), with structure

maps induced from X.

Proof sketch of Theorem|2.2.17. In orthogonal spectra, the smash product A is

constructed so that (Sp,A,S) is symmetric monoidal and the function object
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F(—,—) is defined so that the (A, F') adjunction holds. The enrichment over
based spaces comes from the mapping space F'(X,Y"), built levelwise with com-
patibility with structure maps, and the tensor/cotensor with a based space A are

given by X A A and Map, (A, X) (levelwise), yielding the adjunctions. O

Therefore, for a spectrum X, we can define ¥"X = X A S™ and Q"X =
Map, (S™, X) as we did with spaces.

Lemma 2.2.18 ([29, Thm. 0.1)). There are stable equivalences X — Q'S X
and "X = X

With this lemma, for n < 0 we abuse notation to define X" X = Q™"X.
We now introduce some fundamental spectra that are used throughout stable

homotopy theory.

Example 2.2.19. Let X = HG be an FEilenberg-MacLane spectrum so that

G n=0,
m(HG) =

0 else.

We can build a model for such a spectrum for any abelian group G. We have
X, a CW complex K(G,n) and o: XK (G,n) — K(G,n+1) given by the adjoint
of the map K(G,n) = QK (G,n+1).

Remark 2.2.20. If R is a ring, then HR naturally admits the structure of a
ring spectrum. This provides a bridge from algebra to spectra and lets us extend

algebraic invariants to the spectral setting (see Chapter [4)).

Something interesting about spectra is that unlike spaces as in Lemma [2.2.5]

the homotopy groups of spectra need not be concentrated in nonnegative degrees.

Example 2.2.21. Let X = X'HG, then

. G n=r1,
T (X' HG) =

0 else.
For i < 0, X has a nontrivial negative homotopy group.

Spectra that have their homotopy groups concentrated in nonnegative degrees
are particularly nice, and are called connective. If there is some N so that m,(X) =
0 for all £ < N, we say the spectrum is bounded below.

We see below that having an Eilenberg-MacLane spectrum is very fruitful. In
particular, we can define a homology and cohomology theory. We will use these

theorems later in computations in Chapter [
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Theorem 2.2.22 (Brown Representability, [I9, Thm. 4E.1/Thm. 4F.2]). Ev-
ery (reduced) cohomology theory on based CW complezes has the form h™(X) =
(X, K,,] for some sequential spectrum K given by {K,}. The groups h;(X) =
(X N K) form a reduced homology theory.

Theorem 2.2.23 ([19, Prop. 4F.1)). For X a based CW complez, stable homo-
topy groups w5 (X) define a (reduced) homology theory.

Example 2.2.24. Let GG be an abelian group. With these theorems, HG is the
representing object for H*(—;G) and H,(—;G). We can think of (co)homology
with coefficients in G as HG (co)homology. In particular, we have HG"(X) =

[X,S"HG] and HGy(X) = m,(X A HG).

2.3 Categorical Detour

It is convenient to have many categorical notions only up to homotopy. We record
a few standard definitions and models. Throughout this section we work with
spectra. In the stable category of spectra there is a zero object, denoted by 0,
which is both initial and terminal, so mapping cones/fibers may be expressed

using 0.

Definition 2.3.1. A map f: X — Y of spectra is a (stable) fibration if each
fn: X5, — Y, is a fibration of spaces and the natural map X,, — Y, xqy, ., QX1
is a weak equivalence of spaces. A map f: X — Y of spectra is a (stable) cofi-
bration if each f,: X,, — Y, is a cofibration of spaces and the induced “latching”

maps X, Uyy, , £2X,,-1 — X, are cofibrations.

Definition 2.3.2. A spectrum X is cofibrant if the unique map from the initial
object 0 — X is a cofibration. A spectrum Y is fibrant if the unique map to the
terminal object Y — 0 is a fibration.

We think of cofibrant as a good source and fibrant as a good target.

Definition 2.3.3. The homotopy colimit of a diagram F': I — C is given by
replacing F' by a cofibrant diagram, then taking the colimit. The homotopy limit
of a diagram F': I — C is dual. It is given by replacing F' by a fibrant diagram,
then taking the limit.

Homotopy (co)limits are homotopy invariant (co)limits.
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Definition 2.3.4. Given a map of spectra f: X — Y, the homotopy cofiber is
hocofib(f) := hocolim (X Ly« 0). It fits into a triangle

X LY — hocofib(f) — TX.
The homotopy fiber is hofib(f) := holim(X Ly« 0). It fits into a triangle
QY — hofib(f) = X L V.

We think of a homotopy cofiber as the spectrum version of a mapping cone

and homotopy fiber as the spectrum version of a mapping fiber.

Definition 2.3.5. Given maps f,g: X — Y, the homotopy equaliser is

f
hoeq(f, g) == holim ( XY >

=H{(z,7) v € X,v: I = Y,7(0) = f(x),7(1) = g(x)}.

This enforces equality f ~ g up to homotopy. The homotopy coequaliser is

) f
hocoeq(f, g) := hocolim ( X T; Y )
=Y U(X x 1))/ {(z,0) ~ f(z), (z,1) ~ g(z)}.
This identifies f with g homotopically.

With this language, we can give a few more important examples of spectra.

Example 2.3.6. Let p be a prime and let R be a ring spectrum. The mod-p
spectrum (sometimes Moore spectrum) R/p is defined as the homotopy cofiber of

multiplication by p on R, induced by levelwise degree p maps:
R R — R/p.
The p-complete spectrum R} is given by the homotopy limit

R} =holim(--- — R/p" — R/p"t — ...
The p-local spectrum Ry is given by inverting all primes away from p. That
is,
Ry = hocolim(R 2 R 2% R — ...)
-

for p; # p and the p; in order.



Chapter 3
Equivariant Background

We begin the chapter with the basic toolkit and language for equivariant ho-
motopy theory. From these foundations, we expand on Chapter [2| and discuss
equivariant stable homotopy theory. The equivariant Whitehead theorem
provides a first indication that equivariant homotopy is the right setting: it shows
that in order to recover a homotopical classification analogous to the nonequiv-
ariant case, we must keep track of fixed point information and how these interact
across different subgroups.

Next we will see how algebraic structures such as Mackey functors capture
equivariant homotopy groups and how additional multiplicative structure leads
to Green functors and Tambara functors.

Finally we introduce two key constructions that play a central role in modern
equivariant homotopy theory: the Tate construction which interpolates between
fixed points and orbits, and the norm functor, which encodes multiplicative trans-
fers. These tools provide the technical foundation for Chapters [4] and 5], particu-
larly in the study of topological Hochschild homology and later twisted topological
Hochschild homology.

In this chapter, we allow G to be a compact Lie group or a finite group. While
many statements hold in the more general compact Lie case, for concreteness and

simplicity, we often restrict to finite groups or abelian compact Lie groups.

3.1 Equivariant Homotopy Theory

In this section, we provide some of the basic definitions, theorems and examples
that we will need from the ordinary equivariant homotopy theory of spaces, before

moving to spectra.

17
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We start by giving a few examples of basic G-spaces.

Example 3.1.1. For any space X and any topological group G, X is a GG-space
with the trivial G-action G x X — X given by (g,z) — « for all g € G.

Examples 3.1.2. Let G = C, = {e, v}, then S? is a Cy-space with the antipodal

n

anti for S™ with the antipodal action. This action

action yxr = —z. We will write

is also free since 0 ¢ S2 ., so there is no x € S? such that x = —z. In particular,

nti’
n
anti

We can see that S? is also a Cy-space with action given by reflection in the

is not a based Cs-space.

zory-plane: y(zo, x1,22) = (29,21, —22). We will write S, for S™ with the

reflection action. The fixed point set (S2%;)“? = {(x¢,z1,0) € S?} = St is the
equator.

We can see that S? is also a Cy-space with action given by rotation in the axis
through the basepoint. We will write S”, for S™ with the rotation action. The

rot
fixed point set (S%,)? = SY is the two poles.

These examples show that even with the same group and space, there are

different ways of (nontrivially) turning the space into a G-space.

Example 3.1.3. Let G be a compact Lie group. Let V' be a finite dimensional real
representation of G with dim V' = n. The representation sphere SV =V U {oo}
is the one point compactification of V. Then SV is a based G-space with trivial
action on the base point. If V = R" with the trivial G-action, then SV = S™ with
the trivial G-action. So representation spheres are a generalisation of the usual

spheres S™.

When we move to equivariant stable homotopy theory, representation spheres
play the role of spheres in the nonequivariant theory.
We are interested in studying homotopy classes of equivariant maps between

G-spaces.

Definition 3.1.4. Let X and Y be G-spaces and f,g: X — Y be G-maps. An
equivariant homotopy between f and g is a G-equivariant map F': X x [ — Y,
where [ is given the trivial action, such that Fl|x.fy = f and F|x.qy = g. If

H C G is a subgroup, we write homotopy classes of H-maps between X and Y
as [X,Y]H.

We want to translate the notion of a CW complex to the equivariant world.

This is useful in many proofs, being able to induct over skeleta and getting easy
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filtrations for spectral sequences. The naive way to define a G-CW complex would
be a CW complex with a G-action. However, with this definition we would not
recover a Whitehead theorem in the equivariant setting as in Theorem [3.1.9] We
explain this alongside the theorem. Instead, we impose a lot more equivariant

structure on each cell, as we will see is the theme throughout.

Definition 3.1.5 ([I3] §1.1]). A G-CW complex is a G-space X which is given
by a sequence of based G-spaces X", each obtained from X! by attaching a
disjoint union of G-spaces G/H; x D™ along the boundary G/H; x S™! by an

equivariant map, for some set of closed subgroups {H;} of G.
Note in particular that for H C G closed, G/H x D" is a single n-cell.

Example 3.1.6. Following on from Examples S2 . is a Cy-CW complex
with one free 0-cell Cy/e x DY) one free 1-cell Cy/e x D' and one free 2-cell
Cy/e x D?. Note that nonequivariantly, the resulting space is S%, and every
attachment map is Cy-equivariant since we always attach whole orbits at a time,
and the antipodal action swaps the corresponding pieces. We also note that the

orbit space after each stage is the nonequivariant CW structure of RP2.

Definition 3.1.7. Let (X, () be a based G-space. The equivariant homotopy
groups of X for closed H C G, at xg € X are (X, ) == m, (X, ), for all
n € N. Here we write X¥ = {x € X | Hx = z} for the H-fixed points, with the
subset topology.

As in the nonequivariant case, if there is a canonical basepoint in X or it is

clear from context, it is common to suppress the notation to just 7 (X).

Example 3.1.8. Let G = Oy, X = S2%,. We know that (S%;)“2 2 S, so we have

ref* ref

T3 (Stet) = Tn(Srer) = mn(S7)

ref r

192(8%,) = m,((S%,)?) 2 7, (SY) #0, forn=1.

ref ref

For n = 1, this is Z. In particular, the extra Z in m;(S') detected at the fixed
points is invisible to nonequivariant homotopy. So, by looking at this reflection
action on S? and computing the equivariant homotopy groups, we have revealed

more information than nonequivariant homotopy groups can show.

With these definitions, we use the following theorem as further motivation for

studying equivariant homotopy theory.
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Theorem 3.1.9 (Equivariant Whitehead). A based map f : X — Y of based
G-CW complezes is a G-equivalence (G-equivariant homotopy equivalence) if and
only if f induces isomorphisms

' i (X wo) = 7! (Y, f (o)

for all closed H C G, for all k € N, and for all xo € X1

Proof. If f is a G—homotopy equivalence, then taking H—fixed points preserves
homotopies and gives a homotopy equivalence f, hence a weak equivalence, for
all H. For the other direction, we can assume that f is G-homotopic to a G-
CW map (one that maps n-skeleton to n-skeleton) using CW approximation [30,
1.2.6]. We construct a G-map F': Y — X and G-homotopies f o F' ~ idy and
F o f ~¢ idx by induction on skeleta.

Suppose we have G—maps F,: Y" — X" and a G-homotopy ®,,: f o F,, ~¢
idyn. Let an (n + 1)-cell of Y have orbit type G/H, attached via a G-map
a: G/H x 8" — Y™ To extend F,, across this cell, we need the composite

G/H x 8" 25 ym oy x(m) <y x

to be G-nullhomotopic. With this in mind, we consider the “obstruction class”

w| in the equivariant homotopy set
[ ] q Py
[G/HJr N S”,X]G = [S”, XH] = 7rn(XM)7

using the adjunction [G/H, A A, Z]¢ = [A,Z"]. Under f, this obstruction
maps to the obstruction to extending idy ) across the cell, which is zero. Since
2 7, (XH) — 7, (YH) is an isomorphism by hypothesis, the original obstruction
must also vanish. Hence F, extends to F, q: YD — x(+1),

A relative version of the same argument extends the homotopy ®, to a
G-homotopy ®,1: f o F,41 ~¢ idyn+1. Passing to the colimit over n yields
a G-map F:Y — X with f o F' ~¢ idy. Repeating the construction with
X,Y interchanged, we obtain a G-homotopy ¥: F o f ~¢ idx. Thus f is a

G-homotopy equivalence. O

For this theorem and proof, we needed G-CW complexes as defined in Defi-
nition [3.1.5 If instead we defined a G-CW complex to be a CW-complex with
a G-action there can be an n-cell which has points with stabilisers in different

conjugacy classes.
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Example 3.1.10. Let G = C5 and consider D2, the disk D? with rotation action.
Think of D? as a single 2-cell in a naive G-CW sense. Then (D2,)%? = x the
)¢2 = (). Thus, the pair ((D?)“2, (S1)%2) = (*,0).

rot
center and (9D2%,)¢? = (S}
After taking fixed points, we no longer have a disk with a sphere boundary in the

rot rot

right degree.

This example exhibits what goes wrong with the naive definition of G-CW

complexes.

3.2 Equivariant Stable Homotopy Theory

Spectra were the correct objects to use in the case of nonequivariant stable homo-
topy theory, so we want some notion of equivariant spectra. There are a couple
of ways that one could come up with such a category, and we discuss this. As in
Chapter |2 in what follows, when we say spectrum, we mean orthogonal spectrum.

A key feature of the equivariant theory is that suspension is done not only by
spheres S™ but by representation spheres SV. To carry this out in a systematic

way, we introduce the notion of a G-universe:

Definition 3.2.1. A G-universe U is an infinite dimensional real inner product
space with a linear G-action such that U/ contains the trivial G-representation
and if V' C U is a finite dimensional orthogonal G-representation, then countably

infinitely many pairwise orthogonal copies of V' are also contained in U.

Example 3.2.2. The trivial G-universe is Ui, = @,y R = R™ with G acting

trivially on each summand.

A G-universe is complete if every finite dimensional irreducible orthogonal
G-representation occurs in ¢ with infinite multiplicity. When doing equivariant
stable homotopy theory, stabilisation is done with respect to a fixed complete
G-universe. That is, suspension is allowed by every S and desuspension by SV
is also invertible. Note that any two complete G-universes are isomorphic, so
the resulting homotopy theory is independent of U [37, §5]. We will fix U as our

complete universe.

Definition 3.2.3. A naive G-spectrum X is a spectrum (in the nonequivariant

sense) with each X, a based G-space, and each o, being G-equivariant.

In the language of universes, a naive G-spectrum is a G-spectrum indexed on

the trivial universe. Naive G-spectra are too restrictive, while they allow one to
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speak of suspension by the ordinary spheres S™, they do not interact correctly
with representation spheres and fixed-points. For example, fixed points of naive

suspension spectra fail to recover the expected homotopy types (see [22, Ex.
9.3.11]). We also see this in Example

Definition 3.2.4. A genuine G-spectrum X is a spectrum indexed on the com-
plete G—universe Y. For V C U, we will write XY X for X A SV with the
diagonal G-action. In particular, X is built out of G-spaces indexed by fi-
nite dimensional G-representations V- C U, {X(V)}vcy, together with G-maps
o EWX(V) - X(VaeWw).

We give one of the easiest nontrivial examples of a genuine G-spectrum.

Example 3.2.5. Let G = (5 and consider S with the trivial Cs-action, denoted
Sc,. For each finite dimensional Cs-representation V', define S¢,(V) = SV, a
based Cs-space. The structure maps are given by the canonical homeomorphisms

ot

o: SYASW = SVEW  This assembles all spheres SV into a genuine Cy-spectrum.

Another reason for introducing universes is to define homotopy groups sys-

tematically.

Definition 3.2.6. Let X be a genuine G-spectrum and let H C G be a closed
subgroup. The equivariant homotopy groups of X graded on U are

P (X) = g[SV, X (W),
WCZ/[|H
where the colimit runs over the finite-dimensional H-subrepresentations W of

the restricted universe.

With this definition, note that ¥V (—) from Definition shifts the homo-
topy groups of a genuine G-spectrum up by [V].
We can see that the equivariant homotopy groups of genuine G-spectra hold

more information than the nonequivariant or naive G-spectra counterparts.

Example 3.2.7. Let o be the sign representation for Cy. Consider S¢,, SO, =
{0,000} and the Cs-inclusion ¢: S° — S°. Suspending ¢ gives maps X": S™ —
5™t This gives an element in 72 (S¢,) = Z. In fact, this is the first Eu-

ler /orientation class found in the slice spectral sequence in [22].

Note that, as a naive Cy-spectrum, S only admits suspension by S™, not by
S?. As a result, the homotopy groups would not capture the Euler class found

in this previous example.
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A map of orthogonal G-spectra is a stable equivalence if it induces isomor-
phisms 7 (X) = 7H(Y) for all closed subgroups H C G and all V. C U. The
equivariant stable homotopy theory is done in a category that is obtained from
the category of orthogonal G-spectra by formally inverting these stable equiva-
lences. In this category, suspension by any finite dimensional G-representation V'

becomes an isomorphism.

Theorem 3.2.8 ([22, Thm. 9.1.25]). The category of (orthogonal) genuine G-
spectra Sp© is a closed symmetric monoidal category with unit Sq. The right
adjoint to the smash product with Y is the internal Hom functor Fg(Y,—). The

category is also enriched, tensored and cotensored over based G-spaces.

From this point onward, we will only say G-spectrum, when we mean genuine

G-spectrum, unless specifically said otherwise.

Definition 3.2.9. Let A be a based G-space and let X be a G-spectrum. De-
fine the tensor X A A to be the G-spectrum with V-th space (X A A)(V) =
X (V) A A. Define the cotensor M(A, X) to be the G-spectrum with V-th space
M(A, X)(V) = Map, (4, X(V)).

The cotensor is sometimes written as F'(A, —), but we use M (A, —) to avoid
confusion with the internal Hom functor Fi;(—, —). Note that in the definition,
M (A, X)(V) is the space of based maps from A — X (V'), and is not the space of
based G-maps from A — X (V). For the latter, we will denote this by M%(A, X).

We go through exactly how each space in these spectra are G-spaces. First,
we can see that each space (X A A)(V) = X(V) A A is a G-space with diagonal
G-action. We also see that M(A, X)(V) = Map, (A, X(V)) is a G-space with
conjugation action (g - f)(a) = g(f(g~'a)). If we take categorical G-fixed points

of this space, we instead recover all based G-maps,

MY(A, X) = Map, (4, X(V))? ={f: A= X(V) | g(f(9~"a)) = f(a)}
={f: A— X(V)| f is G-equivariant}.

This justifies our notation. With all this, Theorem gives that for a based

G-space A and genuine G-spectrum X, both X A A, M (A, X) € Sp®.
It turns out that S is both the unit of the tensor and of the cotensor.

Theorem 3.2.10. Let X be a G-spectrum and give S° the trivial G-action, then
M(SY X))~ X.
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Proof. We know that M (S° X)(V) = Map,(S° X (V)). We can see that this
space of maps is X (V') since the basepoint of S® maps to the basepoint of X (V)
and the other point in S° maps to anywhere in X(V), recovering the whole
space. These levelwise identifications are natural in V', so glue together to give

an isomorphism of spectra. m

Definition 3.2.11. Let X be a genuine G-spectrum. The V-th loops of X is
QOVX = M(SV, X), with the conjugation G-action.

As in the nonequivariant case, there is an adjunction between XV and QV.

Theorem 3.2.12. For any V C U, there is an adjunction
»V:Sp¢ = spi QY.

Proof. The category Sp® has smash product and function spectrum which are
adjoint, and these are how we defined XV and QY. This follows from the closed

symmetric monoidal structure of Sp©. O]

Similar to G-spaces, given a GG-spectrum, we can construct another equivariant

spectrum by taking fixed points:

Definition 3.2.13. Let X be a G-spectrum. For each closed subgroup H C G
we have a (categorical) H-fized point spectrum X given by XH(V) = (X (V))H,
where V' is a G-representation fixed by H.

We soon state Theorem [3.2.16| as a way to compute these fixed point spec-
tra. In order make sense of the statement of the theorem, we introduce some

definitions.

Definition 3.2.14. Let G be a compact Lie group. The Weyl group of H C G

is the quotient
WeH = NeH/H ={g9g€ G| gH = Hg}/H.
We see for G also abelian that WeH = G/H.

For H C G closed, if X is a G-spectrum, then X# is W H-spectrum [28, Ch
V Prop. 3.4]. This underpins why the Weyl group appears when talking about

categorical fixed points.

Definition 3.2.15. A universal G-space EG is a G-space with free G-action
and the underlying topological space of EG is contractible. This is unique up to

G-homotopy equivalence.
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The quotient EG/G recovers the classifying space BG. The quotient map
m: FG — BG is a principal G-bundle, and is called the universal principal G-
bundle. For any principal G-bundle £ — X, there exists a map f: X — BG
which is unique up to homotopy, such that £ = f*(EG).

Theorem 3.2.16 (tom Dieck Splitting [40, Thm. 6.12]). Let G be a finite group.

There is a natural weak equivalence of (nonequivariant) spectra

(22X)" ~ \/ =% ((EWeH); Awon X
(H)CG

where the wedge runs over conjugacy classes (H) of subgroups H C G.

Consequently,

. <(E°°X)G> ~ @ m (5% (EWeH)s Awen X)) .
(H)cG

The tom Dieck splitting holds more generally for any compact Lie group. The
idea of the proof in this case is similar, but one needs to be careful with possibly
infinite wedge sums and direct sums.

If G is finite and abelian, then the formula simplifies to

(52X)% ~ \/ =% ((B(G/H))4 Noyu X)) .
HCG
Categorical fixed points see a direct summand from every subgroup of G, so
Ql

they cannot easily isolate information intrinsic to the whole group. In §3.3| we

look at other types of fixed points that work nicer with G-spectra.

3.3 The Tate Construction

The Tate construction is required to define important spectra in equivariant ho-
motopy theory. These spectra allow us to define cyclotomic spectra and Tate
cohomology, which are required in later chapters. Throughout this section, let
G = (), and let X be a C,-spectrum.

Denote by EG the reduced mapping cone of the based G-map FG, — S°
that sends EG to the nonbasepoint of S°. This means that EG is the unreduced
suspension of EG. Now, we consider this cofiber sequence EG, — S° — EG.
Note that nonequivariantly EG, ~ S°, so EG ~ %, and equivariantly (EG,)Y ~

%, SO (E\C/J>G ~ 59
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Smashing with a G-spectrum X preserves cofiber sequences [29] §II, III], so
we get
EGiNX - X - EGANX.

Recall from Definition that for a X a based G-space, M (A, X) is a spectrum
with V-th space M (A, X)(V) = Map, (A4, X(V)). With this in mind, we can do
the construction as before with M (EG, X) in place of X and get

EG. ANM(EG,,X) — M(EG,,X)— EGAM(EG,, X).

To bring these two sequences together into a single diagram, we construct a map
X — M(EG., X). First, write S° = {*,1}. Then there is a unique based G-map
e: EG, = S given by * — %, EG — 1. Since every point of EG goes to the
same nonbasepoint, ¢ is G-equivariant. Given a based G-map f: A — B, and a
G-spectrum X, we get a morphism of spectra M (B, X) M, M(A, X) given
by precomposing with f. Applying this to f = ¢, and using Theorem [3.2.10, we
get amap 0 = M(e,X): X & M(S°, X) - M(EG,, X).

With this map, we now have the commutative diagram

EG, NX y X y EGAX

l § l

EG, AM(EG,,X) — M(EG,,X) — EG A M(EG,,X).
Finally, we take categorical G fixed points of this diagram,
N G
(BG, A X)C . XC© > (EG A X)

| | |

— G
(EG. A M(EG, X))® — (M(EG+, X))¢ — (EG A M(EG+,X)>

The weak equivalence in the diagram can be seen in [18].
With all of this setup, we introduce notation for all of the spectra involved in

the diagram below, as they play a large role in equivariant homotopy theory.

XhG E— XG E— (I)GX

| 1]

X S X hG X1tG

In the literature, the map X,¢ — X" is usually called the norm map, denoted
Nm. We instead use S for this, and call it the splice map, to avoid overuse of

maps being called a norm.
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Definition 3.3.1. Let G = C,, and let X be a G-spectrum,
e the homotopy orbit spectrum of X is Xpq = (EG4 A X)G,

e the homotopy fized point spectrum of X is XY .= (M (EG,, X))G7

N G
e the geometric fived point spectrum of X is ®¢X = <EG A X) ,

e the Tate spectrum of X is X'“ := hocofib <X o > X hG).
The below lemma identifies X ‘¢ with the spectrum from the previous diagram.

Lemma 3.3.2 ([34, Prop. 11.2.13]). Let X be a G-spectrum. Then there is an
N G
equivalent description of the Tate spectrum X'¢ ~ (EG NM(EG,, X))

For groups G # C),, some of the definitions are slightly more complicated and
involve looking at all of the proper subgroups of GG, which is why C, was easy.
In the more general case, the formulation is extremely similar, but there is some
more going on in the background, see [17].

Along the top of the diagram, we find the so-called isotropy separation se-
quence which splits the categorical fixed points of X into the homotopy orbits
part and the geometric fixed points part.

The Tate construction is not only useful for the Tate spectrum, but also for the
other spectra in Definition [3.3.1] The categorical fixed points used for homotopy
groups are the most immediate form of fixed points, though this notion of fixed
points has some interesting and unexpected properties. With categorical fixed
points, recall that if X is a G-spectrum, then X is a WgH-spectrum, but note
that (X AY)H % XHEAYH and (B°X)H 2 ¥ (XH),

Example 3.3.3. We use the tom Dieck splitting to show this. Take G = Cy and
X =25° so

e H=0

Cy, H=e.
By the tom Dieck splitting we find that,

WoH =

(B8N ~ N®°((ECY) 4 Ac, S°) V E°((Ee), Ae S°)
~ Y®RP® VS,

In particular, note that this is not the expected 2> ((SO)CQ) ~ S. Hence,
(LX) o ¥oo(XH),
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Instead, we consider geometric fixed points ®“X, which have the properties
that we originally expected from fixed points, such as ®¢(X®X) = N°(X7).
Geometric fixed points commute with suspension by representation spheres and
smash products with nonequivariant spectra, while homotopy fixed points and
orbits have descent and duality formalisms useful for spectral sequences (as we will
see in Theorem . We can use geometric fixed points and the Tate spectrum
to define cyclotomic spectra. This cyclotomic structure plays an important role
throughout the later chapters, in particular we will see that topological Hochschild
homology is cyclotomic in Chapter 4] and this is what gives us topological cyclic

homology, defined in Definitions|4.4.1jand [4.4.2] The old definition of a cyclotomic

spectrum is given below.

Definition 3.3.4 ([6, Def. 4.9, 4.10]). A cyclotomic spectrum is a genuine S'-
spectrum X together with compatible equivalences ®“»X = X for all n € N.
Note that ®» X has a residual S'/C,,-action, which we identify with an S*-action
through the n-th power map S!/C, = 5.

This classical definition requires a lot of computation to determine whether a
spectrum is cyclotomic. Due to work of Nikolaus and Scholze [34], we can define

a cyclotomic spectrum in terms of the Tate construction instead of the classical

Definition B.3.4l
Definition 3.3.5 ([34, Def. II1.1.1.]).

1. A cyclotomic spectrum is a genuine S'-spectrum X together with S'-maps
¢p: X — X' for every prime p. Similar to before, note that X‘» has
a residual S'/Cj-action, which we identify with an S'-action through the
p-th power map S'/C, = St

2. For a fixed prime p, a p-cyclotomic spectrum is a genuine Cje-spectrum
with a Cpe-map ¢,: X — X%, Here, Cp C S! is the subgroup of p-
power torsion, and we identify the Cpe-action on X*“» with Cpe /C), = Cpee
through the p-th power map. Here we think of Cpe C S* as the “p-part”
of St

This new definition of cyclotomic spectra is much easier to work with as we
do not need to check compatibility conditions of the maps. The two definitions
are not literally identical. However, Nikolaus and Scholze prove that they agree
for bounded below spectra, which is the case of interest for our computations,

including THH. Since we only care about the connective setting, the distinction
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will not affect our applications. Further still, p-cyclotomic will suffice for us to
define TC(—;p) [34, Rmk. II.1.3], and often working with Cpe can be simpler
than S*.

To give a simple example of a cyclotomic spectrum, we first need to make a
note about how to check whether a map is G-equivariant. Let X,Y be G-spectra
where X has the trivial G-action, then we have Fg(X,Y) 2 F(X,Y"%). That is,
G-maps out of X are the same as any maps X — Y"“. To see this, note that since
X has trivial action, a G-map X — Y is the same as a map X — M%(EG,, X).
This is the spectra analogue of the fact for G-spaces that a G-map X — Y is the

same as a map X — Y°.

Example 3.3.6 ([34, Ex. 11.1.2]). Consider S with the trivial S'-action. There
are maps ¢,: S — S given by S — S"“ — S . To make these maps equivari-

ant it suffices to construct a map factoring through S"" to make sure the Frobe-

1
nius is an S'-map. So, we lift the map S — S'“» to a map S — (Stcp)h(s /6

This suffices since the S'-action on S is trivial. We have maps

S — ShS1 ~ (ShC’p)h(sl/cp) N (Sth)h(Sl/Cp) )

This shows that S is cyclotomic.

In Theorem [4.2.15, we will see another crucial example of a cyclotomic spec-

trum.

Example 3.3.7 ([34, Ex. II.1.2]). For every cyclotomic spectrum, we get a

p-cyclotomic spectrum by restriction.

In practice, we will work with the p-completion of objects, so the p-cyclotomic

structure will already suffice for our purposes.

3.3.1 Tate cohomology

We can also use this Tate construction for the Tate cohomology of a compact Lie

group.

Definition 3.3.8. Let G be a group, and let M be a G-module. The group
cohomology of G with coefficients in M is Hy, (G; M) := H"(BG; M). Similarly,
the group homology of G with coefficients in M is H8'?(G; M) = H,(BG; M).

Tate cohomology splices group homology and cohomology together into one:
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Definition 3.3.9. Let GG be a finite group and M a G-module. The Tate cohomol-
ogy of G with coefficients in M, ﬁ]grp(G ; M), is obtained by splicing a projective
resolution with its dual to form a complete resolution. Equivalently, one can use

the standard description

Hy, (G5 M) n>1,
ker(S:MG—>MG) n=-—1,
coker (S: Mg—>MG) n =0,
\ngr—pn(Ga M)v n < _27

ngp(G; M) =

where Mg = M/(gm —m), and S: Mg — MY given by [m] — 3 ., gm is
the splice map (as seen before). Again, the literature conventionally calls this the

norm map, but to avoid conflicting use of this term, we call it the splice map.

We quickly show that the splice map is well-defined. If [m] = [m/] with

m’ =m + (gx — x), then

S(m')y —S(m) = Zh(gw—x) = Zhga:—Zha::O
heG heG heG
since {hg | h € G} = {h | h € G} as G is finite. Hence, this is well-defined
without reference to the order of summation.
Note that some authors shift indices by 1 in Tate cohomology, but our con-

vention is compatible with the Tate spectral sequences used later.

Example 3.3.10. Let G = C, = (y) and M = F, with the trivial action.

Consider the 2-periodic projective resolution over Z[C,],
Szic) = zic) S ze,) S 20

with S = ﬁ:& v'. Applying Homgcj(—,F,) (or tensoring with F, and using
trivial action) kills both v — 1 and S, so all differentials vanish. Thus each
cohomology group in positive degrees is 1-dimensional over F,,.

The ring structures are given below.

H: (C,;F,) = Folul, juf =1, if p =2,
SPRTPEPE T Bu) @TF[t), |ul=1, [t| =2, Bu)=t, ifp#2,
Fs[u, ], lu| =1, if p=2,

~ u-
ao: (C,F,) =
grp( P p) { E(U) ®]Fp[t7t71] |u| = 17 |t| = 2, /B(U) - t) lfp 7é 2.
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So far, Tate cohomology is only defined for finite G. For compact Lie groups,

we use the Tate construction:

Definition 3.3.11. Let G be a compact Lie group and M a G-module. The Tate
cohomology of G with coefficients in M is [/-\Igrp(G; M) = n_,HM'.

For finite G and naive G-spectra this definition agrees with the classical Tate

construction [I8§].

Example 3.3.12. We compute ﬁ[g*rp(Sl;—) from HZ (S';—) = H*(CP>;-)

grp
with the periodicity class in degree 2 inverted. The Tate construction carries a
periodicity class u € m_o(HE'"), and inverting u on Hg (G k) yields ﬁ;p(G; k).
So, over a field k, H*_(S%; k) = k[u,u™] with |u| = 2.

grp

We will use Tate cohomology and these specific examples in the spectral se-

quences for computing TC in Chapter [4]

3.4 Mackey Functors

In stable homotopy theory, abelian groups are the coefficients we work with. In
equivariant stable homotopy theory, Mackey functors play the role of abelian
groups. It turns out that for a G-spectrum, the homotopy groups of X in some
sense define a Mackey functor. In particular, we will see that 7§ (S) is given by
the Burnside Mackey functor, which acts as Z in the equivariant context. We
give two definitions of Mackey functors as both are beneficial, and then reconcile

the definitions in the discussion following.
Definition 3.4.1 ([39, Def. 1.1)). A G-Mackey functor M consists of
e an abelian group M(G/H) for all H C G,
e restriction, transfer and conjugation homomorphisms
Ri¢: M(G/H) — M(G/K),
trip: M(G/K) — M(G/H),
cg: M(G/H) — M(G/gHg™"),
for all K € H C GG and g € (G, such that:
— R =1trfl =id for all H C G,
— ¢ M(G/H) — M(G/H) is the identity for all H C G and h € H,
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— Functoriality: RY = RERL and trk = trktrk forall HC K C L C
G,
— ¢y, = gy, for all g, h € G,

_ RoHg™

H _ 4.9Hg™!
gk g—1Cg and cotry = tr

— Conjugation compatibility: c, R 9ig-1Co

forall K C HC G and g € G,
— Double coset formula:
thrlfg = Z tr%ﬂxKx*IC‘TRf*lL:cﬁK
c€I\H/K
holds for all K, L C H C G.

Note that the particular groups that we care about for this paper are G = C,,
and G = S', which are abelian groups. When restricting to abelian groups, the

definition of Mackey functors simplifies a bit.

Remark 3.4.2. Let G be an abelian group, then every subgroup is fixed by
conjugation, so the maps c,: M(G/H) — M(G/H) are induced by multiplication
by g on G/H. We also get that the double coset formula simplifies to
Riftr = Z tring Ring = [H: LK] - (trfng Rq)-
z€H/(LK)

Definition [3.4.1]is convenient for writing Mackey functors but inconvenient to
check the axioms. When we write a Mackey functor, we do so using a diagram and
the maps in Definition [3.4.1] as in Example [3.4.5] Checking that the maps satisfy
the axioms is quite painful though, so we use a different definition of Mackey
functors, which we can see to be equivalent. First, we define the domain for the

functor.

Definition 3.4.3. Span is the category whose objects are finite G-sets. A
morphism A — B in Spang is an isomorphism class of the diagram A <+~ X — B
of G-equivariant maps of finite G-sets. Two spans A < X = B and A Soxr s
B are isomorphic if there is a G-equivariant bijection ¢: X = X' as G-sets such
that r = 1" o and s = ¢’ o . Composition of A« X — Band B+ Y — C'is

A<+ X xgY — C given by the pullback:
X XB Y
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where X xp Y is the usual set fiber product, with the diagonal G-action.

Definition 3.4.4. A G-Mackey functor M is a functor M: Span, — Ab such
that M(AU B) = M(A) x M(B).

Example 3.4.5. Let G = C,, we draw a G-Mackey functor M as a diagram

M(C,/Gy)

we (e

M(Cp/e).

)

Cp

Often the C)-action is omitted from diagrams, since the action is trivial in many

cases that we care about.

We give an idea of how to reconcile the two definitions of Mackey functors
below. First, note that we can write exactly the spans that correspond to each

of the restriction, transfer and conjugation maps:

¢y =M(G/H ¢ G/gHg™" % G/gHg™).

Then, the axioms come from the pullback squares that define composition in

Spang;. We go through a sample computation of this for G = C,,.
Example 3.4.6. To compute RSP trCr (x) we look at the diagrams below:

Cyle x C,le
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There is an identification

o

Cple x Cyle — Cp/e, (z,y) — (z,27'y).
g€l
Here, the g-th summand is the orbit of (e, g). Under this identification, R, is
the codiagonal [] .., M(Cp/e) — M(C,/e) where each summand maps by the

identity on C, /e, while tr,,, on the g-th summand is ¢, followed by ey, Hence,

Cppp.Cp _
Rvtr;» = g Cgs

9€Cp

which reduces to multiplication by p.

To see C), acts trivially on restriction, we look at the diagram below.

Cple
N
Cp/Cyp Cyle Cyle

1 L

Cp/cp Cp/e

. : c c
Isomorphic spans define the same morphism, so ¢, 0 Re” = R.”.

Note here, we have concluded that ¢, acts trivially on the image of RS , but

in general, ¢, may act nontrivially on all of M(C,/e).

Another benefit of the Span, definition of Mackey functors, is that we can

define a product on Mackey functors.

Definition 3.4.7. Span,, inherits a symmetric monoidal structure from finite
G-sets. The box product MON of G-Mackey functors is given by the left Kan
extension of the below diagram.

Spang X Spang 2B Ab x Ab —25 Ab

We can also give a more concrete formula for the box product. For any finite
G-set X, from [41], Lem. 2.20] we have the box product given by the coend

(MON)(X) =

(Y,Z)eSpang xSpang
/ M(Y)® N(Z)® Spang(X,Y x Z).
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This exact formula is unimportant to us, we can just think of this as the colimit

MON(X) =ty M(4) @ N(B)

A,BeSpang

over all f: A x B — X in Spang.

Theorem 3.4.8 ([41, Thm. 2.24/Lem. 2.20]). A map f: MON — P of G-
Mackey functors is equivalent to a Dress pairing {fy: M(G/H) ® N(G/H) —
P(G/H)} satisfying so-called ‘Frobenius relations’.

The full description of these relations can be seen in [41, Thm. 2.24/Lem.
2.20]. The exact formulas and relations for computing box products and maps
between them are not needed for our purposes.

We now go through some actual examples of Mackey functors.

Example 3.4.9. Let G = C,,. The constant G-Mackey functor Z is given by the

diagram

Z

Recpzidg ,> trgp:-p

Z

Since the restriction is surjective and Z is abelian, ¢,: Z — Z acts by 1, so
the Cp-action is trivial on the bottom level. Furthermore, we only need to check
the easier set of axioms from Remark Finally, since the only subgroups of

C, are e and (), functoriality and the double coset formula are immediate.

This example can be extended more generally. Let G be a finite group and let
A be an abelian group. The constant Mackey functor A assigns A to each G/H;
with all restriction maps being the identity, and transfer maps trgf: G/H; —
G/H; given by multiplication by the index [H; : H;|.

Example 3.4.10. Let G = C,. The constant opposite G-Mackey functor Z is
given by the diagram

Z

Recp:-pg )j trgp:id

Z

That is, just flipping the maps from Example [3.4.9
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Example 3.4.11 ([39, Def. 2.1.]). Let X be a G-spectrum. We get a G-Mackey
functor =, (X), with H-component given by

1,(X)(G/H) = [S" ANG/H,, X]% = m[(X).

n

The restrictions, transfers, and conjugations are defined by

RE = (idApry)*: [S"AG/H_, X]% = [S" ANG/K, X]%,
tril = (idApry).: [S", X ANG/KL)Y = [S", X NG/H,]C,
= ([dA(=)g )" [S"AG/H, X]9 = [S" AG/gHg ', X]%.

Here we use is an isomorphism [S™, X AG/H]¢ = [S"AG/H, X]¢ by duality.
We can see this from the equivalence Fg(X*°G/H,,X) ~ ¥°G/H, N X. Note
that this is only a stable isomorphism, which is why we can not define a transfer
map for X just a G-space.

Also note that for G = e, any G-Mackey functor M is just an abelian group
M. By doing this, we can recover nonequivariant homotopy theory.

Since Mackey functors play the role of abelian groups in the equivariant stable
setting, we are interested in what the unit would look like. In the nonequivariant

setting, we have m(S) = Z, so the equivariant unit should be equivalent to 7,(S¢).

Example 3.4.12. Write o7, for the Burnside Mackey functor for G. <f . assigns
to G/H the Grothendieck group of finite H-sets under L. Then tr is given by
induction of the group action and R is given by restriction of the group action.
The box product makes the category of G-Mackey functors, Mack¢, into a closed

symmetric monoidal category with the Burnside Mackey functor &7 as the unit.
We have 7,(S¢) = &/, 25, Ch V, Prop. 9.10].

We give a concrete example of the Burnside Mackey functor for G = C,,.

Example 3.4.13. The Burnside Mackey functor for G = C,, is

[ p/C ® Z[Cy/e]

“= ol o

Since there are two conjugacy classes of subgroups of C),, we get the top level.

In fact, the top level has ring structure given by &/, (C,/C,) = Zlal/ (a? — pa).
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We will see in that the Burnside Mackey functor for G = Cj» is related
to the Witt vectors.

As we did in the nonequivariant case, we want to have equivariant Eilenberg-
MacLane spaces and spectra as they are the building blocks of many construc-

tions.

Definition 3.4.14. Let M be a G-Mackey functor. Define Filenberg-MacLane
G-spaces, denoted by K(M,n), to be such that
M i=n

m(K(M,n)) =
0 else.

Define an equivariant Eilenberg-MacLane spectrum H M such that

M n=0
T, (HM) =
0 else,

where HM, ~ K (M, n).

It is important to note that this definition used grading on n and not on V.
It turns out that m, (H M) says something about the homology and cohomology
of representation spheres which are complicated, and in particular nonzero. For
further discussion on this, and computations, see [42].

Now that we have equivariant Eilenberg-MacLane spectra, we could instead
define the box product of Mackey functors as MON = wo(HM A HN) [24, Lem.
4].

Recall from that Eilenberg-MacLane spectra define (co)homology the-
ories. Now with the equivariant analogues, we can move these notions to the

equivariant context with the below definition.

Definition 3.4.15. Given a G-Mackey functor M, define equivariant homology

with coefficients in M as
HE(X; M) = n8(HM A X).

Define equivariant cohomology with coefficients in M as homotopy classes of G-
equivariant maps
HE(X; M) = [X, S HM].

As a special case, we can recover the nonequivariant versions.

Example 3.4.16. Following on from Example [2.2.24] setting G = e recovers the

underlying abelian group M and the nonequivariant homology and cohomology.
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3.5 Green and Tambara Functors

Nonequivariantly, ring spectra provide multiplicative structure. Equivariantly,
we want the analogous multiplicative structure on Mackey functors. The box
product on Mackg gives a symmetric monoidal structure, and Green functors are

the commutative monoids for this product.

Definition 3.5.1. Let G be a finite group. A G-Green functor M is a com-
mutative monoid with respect to the box product O in Mackg. Write Greeng
for the category of G—Green functors. Equivalently, M is a G—Mackey functor

equipped with a commutative ring structure at each level M(G/H), natural in
finite G-sets G/H.

As with Mackey functors, it is useful to have an explicit axiomatic presenta-

tion.

Definition 3.5.2. A G-Green functor M consists of a G-Mackey functor to-
gether with, for every subgroup H C (G, an associative, commutative, unital ring
structure on M(G/H) such that RE: M(G/H) — M(G/K) and Frobenius reci-
procity: For K C H, the transfer trf : M(G/K) — M(G/H) is M(G/H)-linear
when M (G/K) is viewed as a left M (G/H)-module via RE:

trig(a- REE(b)) = trit(a) - b, fora € M(G/K), be M(G/H).

Example 3.5.3. Following on from Example|3.4.9] the constant Cj,-Mackey func-
tor Z is a C,~Green functor because Z is a commutative ring. Since R = id and

P

T multiplication by p, Frobenius reciprocity is immediate:

tré»(a- RE? (b)) = pab = tr&»(a) - b.

Green functors are the additively commutative ring objects in Mackg. Tam-
bara functors refine this by also encoding multiplicative transfers, called norms.
Intuitively, a Tambara functor sees not just the additive transfer along a finite

G—map, but also the multiplicative one, and the two interact via distributivity.

Remark 3.5.4. If A is a Z[G]-module, then G/H +~ Af defines a Mackey
functor with restriction given by the inclusion A — AKX for K C H and transfer
trii(z) = > menyi b x. Moreover, if A is a commutative Z[G]-algebra, one also

has norms

N (z) = H h-x

which will satisfy the Tambara axioms.
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As with Mackey functors, we have both an axiomatic and a categorical de-

scription.

Definition 3.5.5 ([43] Prop. 6.9]). A G-Tambara functor R is a G-Green functor
together with norm maps for each K C H C G,

NK : R(G/K) — R(G/H)
satisfying the additional axioms:
e Functoriality: N =id and N2 o NX¥ = N¥ for J C K C H,

Multiplicativity: N (ab) = N2 (a)NEZ(b),

Power /Restriction relation: For K C H,

RE (N (a) = H cn(a).

[hleH/K

More generally, for J C H one has the double—coset (Beck—Chevalley) for-

mula.

Frobenius reciprocity: For K C H C L and a € R(G/H), b€ R(G/K),

NE (Rl (a) -b) = a1 NE)

Tambara distributivity: Norms distribute over sums via a universal poly-
nomial determined by the H-set H/K.

For Tambara distributivity, we avoid writing the polynomial explicitly as it
is complicated in general, and outside the scope of this thesis. For reference, see
[43, Prop. 6.9]

Definition 3.5.6. Let G be a finite group. The category Bispan, has finite
G-sets as objects and a morphism X — Y in Bispan, is an isomorphism class of
a diagram of G-maps X < A 5 B LY called a bispan. Composition is defined
up to isomorphism by first forming the pullback, then using the “exponential (dis-
tributor) diagram” so that disjoint union is the coproduct and cartesian product

is the product (see [I5] or [45], §4.1] for the explicit construction).
With this categorical setup, we give another definition of Tambara functors.

Definition 3.5.7. A G-Tambara functor is a functor R: Bispan, — Set such
that R(AU B) 2 R(A) x R(B) and R(() = {x}.
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A Tambara functor is essentially a ring object in Mackey functors (a “Green
functor with norms”). Note that restricting to bispans of the form X + A —
A — Y recovers the underlying Mackey functor structure.

From this categorical viewpoint, R comes from pullback, tr from additive
pushforward, N from multiplicative pushforward, and Tambara’s distributivity is

precisely functoriality for bispan composition.

Example 3.5.8. Following on from Example[3.5.3] let A be a commutative ring.
The constant C,-Tambara functor A has value A at both orbits, with the extra

norm map N(z) = zP. In a diagram this is written

A
N=()P ( lidr> tr=-p
A.

Not every Mackey functor can be given the structure of a Tambara functor.

Example 3.5.9 (Non-example). Following on from Example let G =C,
and A a commutative ring. If we try to make the opposite constant Mackey
functor into a Tambara functor by setting R = -p, tr = id, and N = (=), the
power relation forces RN(1) = 1 = 1, so pN(1) = 1. This means that N(1) = %,
which is impossible unless p is invertible in A. For example, A = Z fails. Hence

no Tambara structure exists in general.

Example 3.5.10. Following on from Example(3.4.13] the Burnside Mackey func-
tor 7 is a Tambara functor. For H C G and a finite H—set X, the norm is

with G permuting the factors by left translation. For the general case of the
Tambara norm formula, see [43, §2]. We derive the formula for G = C, and

H = e. Suppose | X| = n, then the G—set Hom(C,,, X') decomposes into n fixed
p

points (constant functions) and free p—orbits. Thus in the Burnside ring

nP? —n

NeCp (X) =n[C,/Cy] + [Cp/e] € Z(Cp/C).

It turns out that we can get Tambara functors by taking 7, of G-spectra. Not

only this, but also that every Tambara functor arises in this way.

Theorem 3.5.11 ([44, Thm. 1.1]). Every Tambara functor occurs as m, of a

commutative ring spectrum.
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This shows that equivariant stable homotopy theory and Tambara functors
are deeply interwoven areas of mathematics.

Tambara functors abstract the restriction, transfer, and norm patterns that
occur on 7, of genuine G-ring spectra. To build these multiplicative transfers at
the spectra level we now construct the norm functor N§ : Sp” — Sp%, whose ey

recovers the Tambara norms.

3.6 The Norm Functor

The norm functor plays a central role in modern equivariant stable homotopy the-
ory. In particular, it is essential to the work of Hill, Hopkins, and Ravenel on the
Kervaire invariant one problem [22], where norms provide the extra multiplicative
structure required to construct equivariant analogues of classical spectra. Thus,
understanding norms is not only of technical interest but also of deep concep-
tual importance in how multiplicative structure interacts with equivariance. In
this section, we discuss the high level of the construction of the norm functor
NG: Sp” — Sp°.

We start with the induction map on representations

indg: H-Rep — G-Rep
V= V.
[G:H]
Since this functor is meant to give a G-representation, we need to define the
G-action. Pick coset representatives {g; = e, ga, ..., 9} for G/H. We then have
a G-action given by gg; = g,(i)h; for some permutation o. Let V be an H-

representation, then the g action on V' is given by

g(vl, caey Un) = (ho-fl(l)’Uo-fl(l), ceey hgfl(n)vgfl(n)»

In particular, ¢(0,...,v,...,0) = (0, ..., hjv,...,0) with v in i-th position and h;v
in o(i)-th position. Note that the labeling from coset choices gives canonically
isomorphic G-representations (and soon G-spectra). The construction is natural
in the orbit G/H, hence independent up to canonical isomorphism.

The norm on representations is defined similarly but with tensor products
N§: H-Rep — G-Rep
V= V
[G:H]
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with G acting by permuting tensor factors using the same coset decomposition.

Passing to spectra, the spectral norm is defined by
N§: Sp — Sp©
X N\ X
[G:H]

again with the G-action given by permuting smash factors according to the same

coset decomposition.

Theorem 3.6.1 ([22, Prop. 9.7.4/Cor. 10.7.4]). The norm functor N§: Sp” —
Sp® is symmetric monoidal and sends commutative ring spectra to commutative

mng spectra.

There are two other canonical functors going between G-spectra and H-
spectra: the transfer and the forgetful functor. The transfer is essentially an

additive version of the norm, given by
tr . SpH — Sp©
X \/ X.
[G:H]

The forgetful functor is i%: Sp“ — Sp” where i§X ~ X but only remember-
ing the H-action on X.

Theorem 3.6.2. When restricted to commutative ring spectra, there is an ad-
Junction
N&: CommRingSp” = CommRingSp“: i%.

Proof. The idea for this proof is that N§ is a multiplicative analogue of coinduc-
tion. We will omit the H and G scripts on i and N to clean up notation. Given
A € CommRingSp”, the unit map t4: A — iNA is the smash factor indexed by
the identity coset eH C G/H. Since A sits as a factor in a smash of commutative

ring spectra, ¢4 is a map of commutative H-ring spectra. Define

1 NiB — /\ B iterated up B
(G:H]
given by smashing together [G : H] copies of the ring multiplication ug: BAB —
B. Since B is commutative, p is a G-map.
Take A € CommRingSp”, B € CommRingSp®. For a map f: NA — B
in CommRingSp®, define ®(f) == if o14: A — iB. Both components are ring
maps, so ®(f) lies in CommRingSp (A, iB).
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For g: A — iB in CommRingSp”, we get Ng: NA — NiB, and define
U(g) :==poNg: NA— B. Consider the composition

NA Ny viva XD nip B B,

Inside the NiN A, the identity coset factor is sent by if to the corresponding
factor in Ni¢B. All other factors land in B but are multiplied by u. Associativity

and unitality of m collapse the composite back to f. On the other hand, we have

Al ina 9 p
The restriction ¢ only sees the identity coset smash factor, so the composite is
exactly g. Thus, ® and ¥ are mutually inverse natural bijections. This proves
the adjunction.
From all this, we also get that 7: A <% iN A is the unit and ¢: NiB 5 B is
the counit. In this argument, naturality in A and B follows from functoriality of

¢ and p. ]

This adjunction requires commutative ring spectra. We can see Theorem

does not apply for noncommutative ring spectra.

Example 3.6.3. Let G = Cy = (v | 7> =¢), H = ¢, and A a noncommutative
ring spectrum with multiplication map u: AA A — A. Then N2A4 = AA A
with Cy acting by swapping the smash factors. From Theorem we would
have Homagring(4, 152 B) 22 Hom y pingc2 (N2 A, B). Given ¢: A — i2B a ring
map, we should get a Co-map N?A — B given by ANA 5 A5 B. Since p
is not commutative, ur # p where 7 is the swap map. Note that in this case,
the Cy-action is just given by this swap map. For p to be equivariant, we need

wy =y = p. Thus, p is not equivariant so we have a contradiction.
With this spectral norm, we can define a norm on Mackey functors.

Definition 3.6.4. Let H C G, the Mackey functor norm functor N§: Macky —
Mackg is given by NGM = 7y (NGHM).

We return to spectral and Mackey functor norms in Chapter 5
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Chapter 4
Topological Hochschild Homology

Topological Hochschild homology (THH) plays a central role in modern algebraic
topology and algebraic K-theory. It can be approached from several perspectives:
as a refinement of Hochschild homology for ring spectra, as the target of trace
maps, or through its description as the geometric realisation of a cyclic bar con-
struction. In this chapter, we develop the simplicial and cyclic language to define

THH, before turning to its more structural properties.

4.1 Simplicial Background

We recall and introduce the simplex and cyclic categories where a lot of our
objects will be functors out of. Throughout this section, we mainly focus on
simplicial sets, but these can be generalised to simplicial objects in a suitable
category. In particular, analogous statements can all be made for simplicial spec-
tra. If there are any technical differences, we give the definitions alongside each
other.

Definition 4.1.1. Write A for the simplex category with objects [n] = {0 <1 <

- < n} and morphisms given by weakly order-preserving maps. A simplicial
set is a functor X,: A% — Set. That is, X is a sequence of sets {X,, },>0 with
face maps d;: X,, = X,,_1 and degeneracy maps s;: X,, = X,,11 with 0 <7 < n,

satisfying the relations:

Sj—ldi if i < j,
didj = dj—ldi7 if 1 < j, 8iSj = Sj+15i, if ¢ < j, disj = dei—l if 7 > j + ].,

id else.

45
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Example 4.1.2. Let S! be the simplicial set defined by S! := Z/(n + 1), for
n > 0. We write an element of S} as k, taken modulo n + 1. The face and

degeneracy maps are

k for k <1, k for k <1,

kE—1 fork>q, kE+1 fork >,
where arithmetic is taken modulo n + 1. These formulas remove or repeat the
i-th vertex of an (n + 1)-gon. Equivalently, there is an isomorphism of simplicial
sets SI = Al/OA! obtained by identifying the two endpoints of A! (so S! has
exactly one nondegenerate O—simplex and one nondegenerate 1-simplex and all

higher simplices are degeneracies).

Definition 4.1.3. The (Connes) cyclic category A is an extension of the simpli-
cial category A. It has the same objects but the morphisms are extended by the
cyclic permutation 7,,: [n] — [n] with the extra relations
Tho1dig 1 <i<n Toa1Sic1 1 <1 <n
T’rTLH_l = 1d7 diTn == ! ' 5 SiTn = i '
dn i=0 218, 1=0.
The r-cyclic category A, is an extension of A with the morphisms 7,: [n] — [n]

subject to the relations for A, except 72" = id instead of 7t = id.

Definition 4.1.4. An r-cyclic set is a functor from the cyclic category Xo: A%® —
Set. That is, X is a simplicial set together with maps 7,,: X,, — X, satisfying
the previous relations. In particular, a cyclic set is when r = 1, and has a cyclic

Chy1-action on each X,.

Example 4.1.5. Following on from Example 4.1.2, each S! = Z/(n + 1) carries
a free and transitive action of the cyclic group C,,; by addition. So S! becomes

a cyclic set.

Remark 4.1.6. For a category C, more generally, we have simplicial and r-cyclic
objects Xo: A°? — C and X,: A%? — C. These satisfy the same relations that we

demanded of simplicial and r-cyclic sets. In particular, we will extend to spectra.
We give a way of turning a simplicial set into a topological space.

Definition 4.1.7. The geometric realisation |—|: sSet — Top of a simplicial set

X, 18
1X| = (HXn xA”) /~
n>0
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where the relation is gluing along the face and degeneracy maps (x,d;t) ~
(dix,t), (z, s;it) ~ (siz,t).

Similarly, the geometric realisation |—|: sSp — Sp of a simplicial spectrum

X, is
1X| = (HXnAA1>/~
n>0

Example 4.1.8. Following on from Example [4.1.5, by applying the geometric

realisation to S! we obtain

51 = (H (Z)(n+ 1)) x A”) / ~.

Gluing along the face maps identifies the two endpoints of every 1-simplex, while

with the same relations.

the degeneracies identify all O—simplices, while higher simplices are degenerate
and glue along their faces. Thus |S!| is a CW complex with one 0—cell and one
1-cell attached by the map sending both endpoints to the unique 0—cell, that is,
a circle.

Equivalently, since |—| preserves colimits, [3§]

S22 |AL/OAL = |AL|/|oAL = A oA = 7.

Hence the geometric realisation of the simplicial circle is homeomorphic to the

usual topological circle.

When we take the geometric realisation of not just a simplicial set, but a

cyclic set, we get extra structure on the resulting space.

Theorem 4.1.9. [, Lem 1.6] Let Xo: A°® — Set be a cyclic set. The geometric

realisation | X,| has an S'-action.
Proof. For n > 0, write [n] = {0, ...,n}. Consider C,: A — Top by

itizl}.

=0

[n] — C, = {(Q;to, oty) € ST x I

We think of (6;to, ..., t,) as a necklace on S!, start at a basepoint § € S! and go
anticlockwise, laying down consecutive arcs of length ¢; that partition the circle.

We define the face and degeneracy maps by merging or inserting consecutive arcs
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and the cyclic operator by rotating the labels and shifting the basepoint. We use
S1>R/Z,

O:to, ...t +tiz1, ..., tn 0<1<n,
dz<97t077tn> = ( ’ o )

(e;tn+t07t17"'7tn—1> ’L.:TL,
si(e;t07 "'7tn) = (‘97{:0’ ceey by 07ti+1a "'7tn)7

Tn<9, to, ceey tn) = (0 + tn, tn, to, ceey tn—l)-

Then, it is simple to check the compatibility of these maps.
There is a natural identification |A(—, [n])| = C,, natural in [n|. That is, C, is
a geometric realisation of the so-called universal cyclic simplex A(—,[e]). Note

that S! acts on C, by rotating the basepoint only: for a € S1,
a- (05, tg, ..., tn) = (0 + a;to, ..., ty).

We claim that this action commutes with all other maps d;, s;, 7,. Those maps
never change the multiset of arc lengths and rotating by « is commutative since
addition in S' is commutative. Therefore, we get a canonical S'-action on
A= [o])].

Let X : A°? — Set be a cyclic set. Then |X| 2 ([],~, X X C,) / ~. Since the
St action on C, commutes with all structure maps, the formula a- [z, ¢] = [z,a-]

is well-defined on the quotient, and gives a continuous S*-action on |X]. ]

In fact, only a small adjustment to the above proof gives us the following

theorem.

Theorem 4.1.10 ([9, Lem. 1.6]). Let Xo: A% — Set be an r-cyclic set, then

| X.| has an S*-action.

The proof of this follows the same outline as before to find an R/rZ-action,

270/t There are some

which gives an Sl-action once we identify 6 + rZ with e
small subtleties with how we should geometrically realise an r-cyclic set: in the
standard way with A" or with A”. It turns out that they are equivalent [9, Lem.
1.8].

These theorems and proofs both hold in the case of cyclic spectra, which we
will make use of later in this chapter.

It is convenient to split up a simplicial set into smaller pieces that glue together

in the expected way.
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Definition 4.1.11 ([9, §1]). Let X,: A°® — Set be a simplicial set and let r € N.
The edgewise subdivision of X, is sd, X, with sd, X, = X(,41),—1, and with face
and degeneracy maps dfd: sd, X, — sd, X, and s{?: sd, X, — sd,X,,1 given
by:

dfd = dZ @) di+(n+1) 0...0 di+(r—1)(n+1)7 Sfd = 8i+(7’—1)(n+2) 0...0 Si+(n+2) O S;.

Example 4.1.12. Following on from Example [4.1.8] for the simplicial circle S},
the subdivision sd,.S! corresponds to refining the polygon model of S! by a factor
of r. Each n-simplex is subdivided into r smaller simplices, which geometrically

encodes an r-fold covering of the circle.

We look at subdivision because it behaves nicely with geometric realisation,

and can make some computations easier.

Theorem 4.1.13 ([9, Lem. 1.1)). The map D,: |sd, Xs| — |Xo| of geometric
realisations induced from the diagonal embedding 1 x diag,: X,m_1 x A™ 1 —

Xyme1 X A"~ s a homeomorphism.

Similarly, subdivision can be performed on simplicial spectra, and the same

theorem applies in this context.

4.2 Topological Hochschild Homology

Before passing to spectra, we recall the purely algebraic definition of Hochschild
homology, an invariant of rings that captures how far the ring is from being

commutative.

Definition 4.2.1. Let R be an associative ring. The Hochschild complez is a
simplicial abelian group C,.(R), with C,(R) = R®™*D. Let o be the cyclic
permutation moving the last tensor factor to the front. The face and degeneracy

maps are as follows:

1d® @u®id®" Y for 0 < i <n, , .
d; = H — s; = id®(z+1) N R id®(nfz) )
(1t ®id®" oo for i = n,

The Hochschild homology of R, HH(R), is the homology of the Hochschild com-
plex, HH,(R) = H.(C,,d,).
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For our purposes, we want to consider the so-called Shukla homology, the
derived version of Hochschild homology. For Shukla homology, let k& be a field,
we take R to be an associative k-algebra with ®; in place of ®. As is standard
in the literature, we write Hochschild homology for Shukla homology.

We can extend the definition of HH to have more general coefficients.

Definition 4.2.2. Let R be an associative ring and let M be an (R, R)-bimodule.
The Hochschild complex with coefficients in M is a simplicial complex CM(R)
with CM(R) = M ® R®". The Hochschild homology with coefficients in M is
HH,(R; M) = H,(CM(R),d,).

Lemma 4.2.3 ([33, Rmk. 2.4]). Let R be an associative ring, then
HH, (R) = Tor®"” (R, R).
Thus HH is related to homological algebra over the enveloping algebra R& R°P.

Example 4.2.4 ([23, Prop. 2.6]). HH.(F,) = F,(x), the free divided power
algebra on p with |u| = 2.

Since F), is not flat over Z, doing the computation of HH, (F,) in the nonderived
sense would yield only [F,,.

We will use Example 4.2.4] as something to refer back to when we compute
THH(F,) to see the difference.

4.2.1 From algebra to topology

To extend this theory, we replace tensor products by smash products, rings by
ring spectra and modules by module spectra. This shift allows THH to interact
with trace methods in algebraic K-theory and leads to computationally accessible
invariants, which turn out to be simpler than their algebraic analogues, as we will
see in the case of THH(F,).

Definition 4.2.5. Let R be a ring spectrum with multiplication map p and unit
map 7. The cyclic bar construction is the simplicial spectrum B (R): A°® — Sp
given by [n] — R""*D_ Let ¢ be the cyclic permutation moving the last smash
factor to the front. The face and degeneracy maps are as follows:
idN Ap AN for 0 < < o, , .
d; = a = si = i) A A AN
(uAid"" oo fori=n,
The topological Hochschild homology of R, THH(R), is the geometric realisation
of the cyclic bar construction: THH(R) = |B&(R)|.
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As a special case, if R is just a ring, we take THH(R) := THH(H R). Thus,
THH takes more general inputs than HH.

Lemma 4.2.6. Let R be a ring spectrum, then THH(R) admits a canonical S*-

action.

Proof. The cyclic bar construction is a cyclic object, with C,-action at each level
given by 7, cyclically permuting the (n + 1)-smash factors. Then by Theorem
4.1.9) THH(R) = |B&¥(R)| admits a canonical S'-action. O

In the commutative case, this action is seen through the following theorem:

Theorem 4.2.7 ([31]). If R is a commutative ring spectrum, then there is an
equivalence THH(R) ~ (R ® S}).

Remark 4.2.8. More generally, for M and N left and right R-modules respec-
tively, we can also define a two sided bar construction, Be(M, R, N): A°® — Sp
given by [n] — M A R A N.

With this, we can generalise the definition of THH to have more general
coeflicients.

Definition 4.2.9. Let R be a ring spectrum and M be an (R, R)-bimodule.
The cyclic bar construction with coefficients in M is the simplicial spectrum
BY(R; M): A°®® — Sp given by [n] — M A R". The topological Hochschild
homology with coefficients in M is THH(R; M) = |B&¥ (R; M)|.

Remark 4.2.10. In this case, THH(R; M) does not admit an S'-action, since
the cyclic bar construction with coefficients is not a cyclic object (despite the

name).

We can think of THH(R; M) in another way. Write R°P for R with opposite
multiplication. That is, ab in R turns into ba in R°°?. Then an (R, R)-bimodule
is equivalent to an R A R°P-module. Define the derived smash product A* by
replacing at least one smash factor with a cofibrant R A R°’-module. With these

definitions, we have the following lemma:

Lemma 4.2.11. Let R be a ring spectrum. Let M be an (R, R)-bimodule, then
THH(R; M) = M AL, po» R.

Proof. Replace R by B(R,R,R) ~ R. Then THH(R; M), = M Ak, nop R =~
M Agaror B(R, R, R),, ~ M Agpger RN+ ~ M A R O
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The definition from Lemma [4.2.11] is something reasonable to look at in al-
gebra. We want to check that this is an extension of the algebraic theory, so

restricting to algebra should recover Hochschild homology.

Example 4.2.12. Let R be an associative ring. Let M be an (R, R)-bimodule.
Then M ®pgrgrer R is given by

M@R/(m(res)@u) ~(me (re s)u).

Note that m(r ® s) = smr and (r ® s)u = rus. The relation becomes (m ® r) ~
(mr®1) ~ (rm ® 1). Thus M Qgrgree R = M/(mr ~ rm). This recovers
HHy(R; M), and more generally recovers HH,(R; M) via derived tensoring.

It seems a little strange that there is an apparent degree shift in the cyclic
bar construction with [n] — R "1 but this has something to do with the sim-
plicial structure for S*. Consider again S} and note that A[l] = Homa([n], [1]).
Combinatorially, using stars and bars, we know that | Homa([n],[1])] = n + 2.
To get S} we identify the endpoints, leaving n + 1 many simplices. This gives
(R S1), = RN,

Now we go through the most basic THH examples that we can.

Example 4.2.13. The simplest THH computation we can do is THH(S) ~ S.
Since SAS 'S, we get that (THH(S)),, = SA+D =~ §,

Example 4.2.14 ([34, Cor. 1V.3.3]). Let X be a based space, and consider the
spectrum L*°QX. Then THH(X*QX) ~ X*°LX, where LX is the free loop space
of X from [2.1.8] This provides geometric intuition for why THH is naturally an

Sl-spectrum, the cyclic structure encodes rotations of loops.

We will see in that the next simplest computation is much less simple.

One of the key properties of THH is that it naturally forms a cyclotomic
spectrum from Definition [3.3.5] meaning it carries extra compatibility between
its S'-action and its fixed point spectrum. This structure is central to topological

cyclic homology later on.

Theorem 4.2.15. Let R be a bounded-below, commutative ring spectrum. Then

THH(R) admits canonical cyclotomic structure maps
¢, THH(R) — THH(R)*"

for each prime p, which make THH(R) a cyclotomic S*—spectrum.
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Think of the cyclic bar construction as a spectral refinement of free loops.
For a space X, B¥(QX) ~ LX = Map(S!, X) and THH(X2*QX) ~ S*°LX.
Rotating loops gives the S'-action. The extra “cyclotomic” structure encodes
the operation of taking p-th roots of loops. The C,-fixed points of LX identify
with LX again since a loop invariant under rotating by 1/p is the p-th power of

a unique loop, thus
O (231 LX) ~ SR(LX)r ~ DRLX,

Cyclotomic structure abstracts this to THH(R). The Frobenius map ¢, is the
spectral version of “take a p-th root of a loop.”

To prove this theorem, we introduce the Tate diagonal. To motivate this Tate
diagonal, we compare what it does to something in algebra. In algebra, for R a
ring, one would like to use the diagonal R — R"P, but it is not additive; its failure
of additivity factors through transfers (norms) coming from the C,-action. The
Tate construction kills transfers: by definition X*“ is the cofiber of the splice
Xhe, END's "G and on 7y the corresponding map is the Tate splice H5™ LNy 2 grp.
Hence, after applying (—)“» the diagonal becomes additive and multiplicative
up to modding out by these transfers, which is exactly what is needed for the
cyclic bar faces and degeneracies to commute with the construction. This explains

conceptually why ¢, exists and behaves multiplicatively on THH(R).

Proof sketch. Consider the p—fold edgewise subdivision sd,B(R), with
(sdyBY (R)), ~ RNPO1) o (RApYNHD)

There is a canonical C,—action on each level given by rotating the p blocks; this
action is compatible with faces and degeneracies, hence sd,Bg¥(R) is a cyclic
object with a levelwise Cj—action. By Theorem [1.1.13] |sd, B&¥Y (R)| ~ |BY (R)| =
THH(R).

There is a canonical Tate diagonal A,: R — (RAp)th natural in R. For
categorical reasons [34, Thm. 1.3.1], A, extends multiplicatively to all tensor

powers:

Aén—i—l): RN+ <(R/\p)A(n+1)>th o (RA(p(nH)))tCP‘

These maps assemble into a map of cyclic objects

B&(R) — (sd,BY (R))*”
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where compatibility with faces and degeneracies follows from the categorical rea-

sons [34, Thm. 1.3.1]. Geometrically realising this map gives
. cy tCp tC,
0, THH(R) — |sd, B (R)|'“ ~ THH(R)'C,

the desired cyclotomic Frobenius ,. The residual S'-action on THH(R)!* is
twisted by the p-th power map ¢,: S* i S1 (coming from edgewise subdivi-

sion), yielding the cyclotomic compatibility required in the definition. O]

There is a linearisation map going from THH to HH, which is useful for trace

method approximations to algebraic K-theory.

Theorem 4.2.16 ([9, §5]). If R is a connective ring spectrum, then there is a
natural map m, THH(R) — HHg(moR), which is an isomorphism for k = 0.

4.3 Computing THH(F,)

The next simplest computation with THH is THH(F,). This computation was
originally done by Bokstedt, in his unpublished paper [§].

Theorem 4.3.1 ([8, Thm. 1.1]). Let k be a perfect field of characteristic p, then
7. THH(k) = k[u] the free polynomial algebra on p with |p] = 2.

Taking the special case of & = IF,, this topological version is much cleaner
than HH,(IF,) as seen in Example

There have been new ways to do this computation since it was originally done.
We will present a few ways for the special case of k = [F,, and in order to do the

computation we will need many new tools.

Definition 4.3.2. The (mod p) Steenrod algebra is A, = HF; HF,. Dually, the
(mod p) dual Steenrod algebra is A, = HF,, HF,.

The Steenrod algebra is the algebra of all stable cohomology operations in
mod p cohomology, which we know is represented by HIF, by Example [2.2.24]

Theorem 4.3.3 ([32, §2]). For odd primes p, the (mod p) Steenrod algebra A, is
the free associative graded algebra generated by 3 and P' for i > 0 subject to the
Adem relations. At p = 2, the algebra is generated by the Steenrod squares Sq'
for i > 0 subject to the Adem relations.
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Theorem 4.3.4 ([32, Lem. 6]). The dual Steenrod algebra takes the following

forms

Fg[fl,fg,...] p:Q’ |€n‘ —9on _1
F,l&1, &, ...l ® E(10,T1,...) p>2, & =2(p" — 1), || =2p™ — 1.

A, =

The importance of A, is that it governs the HF,—(co)homology of smash
powers of HF,. By Kiinneth (over a field) and the definitions in Example [2.2.24]

(HF,). (H]F;\(S—H)) o AB(sHD),
Similarly, using that 7.(HF, A —) = (HF,).(—),
T (HFQ(S+1)) o (HFP)* (HFQS) ~ .A?S

There are two common methods of computing THH(F,), both of which in-
volve a spectral sequence. The first method uses a spectral sequence on the
homotopy groups, the second and original method due to Bokstedt [§] uses a
spectral sequence on the homology groups. The homotopy method is simpler to
compute, but harder to see the multiplicative structure. On the other hand, we
can see the multiplicative structure using homology and Dyer-Lashof homology
operations (to be partially defined in Definition . We will give a high level
of both methods of computation.

Both constructions begin with the natural skeletal filtration of the simplicial
spectrum defining THH. For any homology theory E,(—) and commutative ring

spectrum A, this filtration yields a spectral sequence
El, = E, (A1) = E,,, THH(A).

In particular, for E, satisfying the Kiinneth formula (such as HF,) we get (by

using the formula) that the E'-term becomes tensor powers of F,(A). That is,
E;t — Et<A)®E*(*)(3+1).

To illustrate the structure, recall that the Tor groups of simple algebras can
be computed from projective resolutions. Let k& be a ring, then we compute

Torf[x](k, k). A projective resolution of k is
0« k < k[x] <= k[z] + 0
tensoring with £ and taking homology, we get

0 k&2 k0.



56 CHAPTER 4. TOPOLOGICAL HOCHSCHILD HOMOLOGY

We conclude that

k' s=0,1
Tor*®(k, k) =
0 else.

Similarly, we compute Tor*#/%* (k. k):
0+ k <& k[z]/2* & klz])/2? + - -
tensoring with £ and taking homology, we get
0 k< k< ke

since k[x]/2? @y 02 k = k. We conclude that

5>0
Torkll/=® (k. k) = N

0 else.

With some more work, we find that this has the ring structure of the divided
power algebra I'(k), see [12, Ch XI]. The divided power algebra I'(y) is generated

as a k-module by v;(y) with v (y)v;(y) = (") 75 (v).

4.3.1 Homotopy Computation

Let our homology theory be 7f and A = HF,. Then Ej, = ﬂt(HFQ(SH)) =
A®* . so we get the below projective resolution (associated chain complex of the

simplicial abelian group)

F

p

We recognise the homology of this resolution as Tor;‘f; (F,,F,). Thus, we get

Ef* = E(0&1,0,...) @ A, (p=2),
EZ, =T(om,0m,...) ® E(0€1,0&,...) ® A, (p odd),

where o € 71(S?) is the fundamental class. In the odd p case, there are differen-
tials to consider, which we discuss in the homology computation. There are also

multiplicative extensions which are not easily solved in the homotopy case.
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4.3.2 Homology Computation

Let our homology theory be HF, and A = HF,. Then El, = HF,(HF,"*") =
A(?(SH), so we get the below projective resolution (associated chain complex of

the simplicial abelian group)

A* — A?Q P — A?S —— ...

We recognise the homology of this as HH, (A, ) from Definition which by
Lemma {4.2.3] is Tor;it@Aip (A, A,). Since A, is graded commutative, A, = A.

We can then do a change of basis ¢: A, - A, ® A, given by 7; —» 7,1 — 1 ®7;
and {; — & ® 1 —1® ¢, as in the below diagram.

TN

These basis elements act trivially on A., so this Tor simplifies to Torjj: (F,,Fp) ®
A,

Similar to before, we get

E?, = E(0&1,0&,...)® A, (p=2),
E2, =T(om,0m,...)® E(0&1,06,..) ® A, (p 0odd).

where as before, o € m(S') is the fundamental class. We can then use the so-
called Dyer-Lashof homology operations to show that (c&;)? = o0&, [11, Ch III
§2.2, 2.3].

Definition 4.3.5. Let X be a commutative ring spectrum. Then in HIF, homol-
ogy of X, we have Dyer-Lashof homology operations,

QS HTL(X?IFQ) — HnJrs(X;FQ) (p = 2)a
Q" Ho(X;F,) — Hn+25(p—1)(X§IFp) (p odd),

which satisfy Q*!(z) = P,

In our case, it turns out that Q" (&,) = &,41 and Q° commutes with o [11,
Ch III §2.2, 2.3).

In the p = 2 case, there are no possible differentials for degree reasons, so
we have H,(THH(F,);Fs) = A, ® Fo[u]. In the odd p case, there are nontrivial
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differentials d,—1(vn(07;)) = 0&417m—p(or;) [1I, Ch III §2.2, 2.3]. The spectral
sequence collapses on the EP = E* page with E?, = A, ® P,(c7,071,...), the
truncated polynomials in [F,,. Using the Dyer-Lashof operations, we get (o§;)P =

0&i+1. Thus the odd-primary Bokstedt E? = E* page gives
H,(THH(F,); Fp) = A, @ Fylu],  |p] = 2.

Finally, a small Adams spectral sequence computation gives 7w, THH(F,) = F,[u],

|l = 2.

4.3.3 Thom computation

Another perspective on THH(F,) comes from its identification as a Thom spec-
trum. Thom spectra provide a bridge between homotopy theory and vector bun-
dle theory, and their structure makes them particularly well suited for calculations
in THH.

Let E — X be arank n vector bundle over the base space X. The Thom space
of E is defined as Th(F) = D(E)/S(FE), where D(E) is the unit disk bundle of
FE and S(F) is the unit sphere bundle. Equivalently, if we take the fiberwise one
point compactification then Th(E) = S¥ /s, (X) where S¥ is an S™ fiber bundle
by taking the one point compactification of each fiber, and s, (X) is the section

at infinity that identifies these extra points.

Example 4.3.6. Consider the trivial bundle X x R™ — X, we have that T'h(X x
R" — X) = X"(X,).

We can do something analogous for spectra. A Thom spectrum is determined
by a map f: X — BGL(S) classifying a virtual spherical fibration. This is es-
sentially looking at maps with virtual degree 0 (so no shifts needed in formal dif-
ferences). Concretely, if f,,: X — BO(n) is a representative in finite dimensions,
then the n-th level of the associated Thom spectrum is M f(n) = Th(f}v,) where
Yn 18 the universal bundle over BO(n). The structure maps XM f(n) — M f(n+1)
arise from the inclusions R® — R"*1,

As a special case of the Hopkins-Mahowald theorem, we have that HIF, is a

Thom spectrum.

Theorem 4.3.7 (Hopkins—Mahowald, [3, §8]). The map f: Q*S® — BGL(S)
exists and classifies the element in m (BGL(S)) = Z, with Thom spectrum M f
equivalent to HF,. In particular, M f ~ HIF, as ring spectra.
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Moreover, the f is mod p oriented, so the Thom isomorphism gives an isomor-
phism on homology H,(M f;F,) & H,(Q2S* F,) with no degree shift (the virtual
bundle classified by f has degree 0).

We give motivation for the theorem by showing this homology result.

Theorem 4.3.8. The dual Steenrod algebra can be identified with the homology
of 9253, That is,
A, = HF, . HF, = H,(Q*S*F,).

Proof. We use the Serre spectral sequence on the pathspace fibration Q5% —
PS3 — S3. Since PS® is contractible, everything in the spectral sequence
must die, so we can do some investigative work to compute H,(25% F,) from
H,(S% F,). The only possible nonzero d, out of the bottom row is the transgres-
sion dg: Ej, — Ej,. Let u € H3(S*F,) be the fundamental class and define
y = d3(u) € Ho(Q25% F,). Then, by multiplicativity and the vanishing of all
positive degrees in the target, we find that

H*(QS35IFP) = Fp[y]a |y| = 2.

Similarly, we use the Serre spectral sequence on the pathspace fibration 25% —
PQS3 — QS3. The first possible nonzero differential out of the base’s degree 2
generator y is dy: B3, — E§,. Since the total must die in positive degrees, we
must have ds(y) # 0. Define the transgression ag = da(y) € H1(Q2*S%F,). By
the Leibniz rule, do(y™) = my™ 'x. Note that da(y?) = py?"'ag = 0 mod p, so
yP survives to E3. Again, since the total space is contractible, every surviving
positive degree class must eventually be hit by a higher differential. The first
page on which y?" € Ej o can be killed is r = 2p%, by dgpn: E§£:,0 — ng;];k_l.
This forces new transgression classes aj, = dy,» (y*") e Hype 1 (2S3F).

For p = 2, all signs vanish and the odd degree generators can freely multiply.
We find

H*(QQSS,FQ) = Fg[ao,al, ]7 |ak| = 2k — 1.

For p odd, we need to remember graded commutativity and the even degree

polynomial generators by, in degrees 2p*, created to let the oy hit ypk. We find
H.(Q2S%F,) = E(ag, a,...) @ F[by, by, ...], |ax| = 20" — 1, |bi| = 2p".
Combining all these facts gives
HF,.HF, = H,(HF,;F,) = H,(Q*S*;F,),

as required. O
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With this new perspective, we give a formula for computing THH of a Thom

spectrum.

Theorem 4.3.9 ([4, Thm. 1.4]). Let f: X — BGLy(S) and Mf its Thom

spectrum, then there is an equivalence
THH(Mf) ~ M f A (BX),
where BX 1is the deloop space of X, such that X ~ QBX.

Applying this formula to HF,, gives an alternate way of computing THH(F,):
THH(F,) ~ HF, A (BQ*S?), ~ HF, A (25%), ~ HF,.(QS%) 2 F,[u], |ul =2

We note that this computation was significantly easier than the one in the
previous subsection [4.3.2] For this reason, it is an important piece of research
to determine which spectra can be realised as Thom spectra in order to compute
their THH.

4.4 Topological Cyclic Homology

While THH is already a powerful invariant, the true significance comes from the
connection to algebraic K-theory. Topological cyclic homology was introduced
by Bokstedt, Hsiang and Madsen [J] as a tractable approximation to algebraic
K-theory, and has since been refined by Nikolaus and Scholze [34] into a very
elegant theory.

Just as we had old and new definitions of cyclotomic, we will give the old and

new definitions of topological cyclic homology.

Definition 4.4.1 ([9, Def. 5.12]). Let A be a ring spectrum and fix a prime p.
Consider the family of fixed points THH(A)“" for all n. There are two maps, re-
striction and Frobenius R, F': THH(A)%" — THH(A)%"~*, the restriction and
the Frobenius. The Frobenius map is the inclusion of fixed points along the sub-
group Cpn-1 C Cpn. The restriction map is the composite (gop)cp’“l o can, where
can: THH(A)%" — (®% THH(A))CP'“1 is the canonical map from categorical
fixed points to geometric fixed points, and ,: ®“» THH(A) — THH(A) is the
(old) cyclotomic map from Definition The topological cyclic homology of A
at p is defined as the homotopy limit

TC(A; p) = holim (THH(A)%" — THH(A)%*).

R,F
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It may seem like the restriction and Frobenius maps have been named incor-
rectly, but this is standard in the literature and done in order to match up with
the Witt vectors in §4.5]

This version of TC has the advantage of being conceptually close to an alge-
braic analogue (cyclic homology), but it is technically demanding to compute.

Nikolaus and Scholze redefine TC by removing (genuine) equivariant homo-

topy theory from the definition.
Definition 4.4.2 ([34, Def. I1.1.8/Prop. IL.1.9]). Let A be a connective ring

spectrum. The negative topological cyclic homology of A is
TC(A) :== THH(A)"S".
The periodic topological cyclic homology of A is
TP(A) := (THH(A)!r)hs"/Co.

The topological cyclic homology of A is given by the homotopy equaliser

TC(A) = hoeq | TC™(A) — [T, TP(A)

1
[T, #3°

We can consider TC one prime at a time with

TC(A;p) = hoeq | THH(A)*S' == (THH(A)*%)""
e

tst

If we only care up to p-completion, then note TP(A)} ~ THH(A)*" and

TC(A:p) = hoeq | THH(A)"S' —— THH(A)*'
ohS!
We can instead consider THH(A) as only p-cyclotomic, and define
TC(A; p) = hoeq | THH(A)Cr= —= (THH(A)!C)" >~
hcpoo

Pp

This gives the p-complete version

TC(A; p)) = hoeq [ THH(A)Cw= ——= THH(A)!Cr~
op 7
These definitions of topological cyclic homology have the virtue of requiring only
a single S' or Cp~-action, and they extend more naturally to higher-categorical
settings. We will go through two examples of computing TC once we introduce

the correct tools to do so — some more spectral sequences.
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4.4.1 Spectral Sequence Detour

We aim to build spectral sequences for the spectra seen in §3.3] If Y ~ holim Y

is the homotopy limit of a tower of fibrations

write Fj for the fiber of p;. The Bousfield-Kan spectral sequence (BKSS) associ-

ated to this tower has signature
EY =1 s(Fy) = m_s(Y)

with d; induced by the connecting maps of the fiber sequences [10].

We apply this construction to towers coming from skeletal filtrations of £G . .

Theorem 4.4.3. Let X be a G-spectrum, then we have the homotopy fixed point,

homotopy orbit and Tate spectral sequences, given by the below signatures

o Homotopy fized point: E3' = Hy (GimX) = o (X1C),

o Homotopy orbit: EZ, = HEP(G;mX) = Tet(Xna),

o Tate: BE3' = H: (G;mX) = m_o(X'0).

grp
The first two arise from the skeletal filtration of EG, the Tate sequence arises

from the same filtration applied to the norm cofiber definition of X,

Proof sketch. Take EG = |B.(G,G,*)|, the two sided bar construction from
Remark [£.2.8] Then, EG is a free, contractible G-CW complex and BG =
EG/G. Let sk,EG denote the t-skeleton and set K, = sk,EG/sk, 1EG ~
V {t—cells of BG} St on which G permutes summands freely.

We start with homotopy fixed points. Use X"*“ ~ M(EG,, X)“ and form the

tower
o= M(sk,EG,, X)) — M(sk,_1EG, X)% — -+ — M(S° X)°.
Each map is a fibration and its fiber is

G
Fib (M(sktEG+, X) = M(sky 1 EG., X M(K,, X

X
{t- cells of EG}
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Since G acts freely on t—cells of EG, taking G—categorical fixed points iden-
tifies this product with the product indexed over t-cells of BG. Therefore,
B} = C2(BG; 7 X), the cellular cochains of BG with local coefficients in the
G-module m X. Here the coefficient system is the constant local system deter-
mined by the G—action on m X (coming from the G—action on X). The cellular
chains of the universal cover EG acquire a G—action, and the cochains with coeffi-
cients in the G-module m X are the G—equivariant maps Cs(FG) — mX. The d;
is induced by cellular attaching maps, hence computes group cohomology, giving
Ey' = H! (G;mX).

For homotopy orbits the argument is similar. Use X,¢ ~ (EG4 A X)/G and
the filtration by sk; G, A X. Successive cofibers are wedges \/{tfcells of BG} YX,
so E,, = C¢(BG;mX) and EZ, = Hy(G;mX), with target m,+(Xna).

For the Tate construction, recall that we defined X*“ as the cofiber of the splice
S: Xpe — X"Y. Filtering both sides by skeleta and passing to the cofiber yields
a BKSS whose E; is the so-called cellular Tate compler, so Ey' = ﬁ]grp(G; T X)
and the target is m_ X',

Finally, for the towers built from a finite (or locally finite) CW filtration of EG,
the BKSS is strongly convergent under standard hypotheses; for instance, if the
7, of the successive fibers are degreewise finite type. In particular, for bounded-
below G—spectra X with m, X of finite type, the spectral sequences above converge

strongly to the indicated targets (see [10] for general convergence criteria). [

Note that any simplicial or CW model of EG gives the same spectral se-
quences. The grading places the group (co)homology in the ¢ direction and in-
ternal homotopy in the s direction, with total degree ¢t — s for cohomological

sequences and t + s for the homological one.

4.4.2 Computing TC

Since the easiest THH computation was of the sphere spectrum, it would be
natural to look at TC(S). However, it turns out that this computation is very
difficult.

Theorem 4.4.4 ([9, Eq. 9.1]).

TC(S; p))) ~ hoeq( M(CP>,S) =3 M(CP>,S)) )

Pp

~ S V hofib (X (E*CP>) = §)”.
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Instead, we do the more tractable computation for TC(F,;p).

Theorem 4.4.5.

T TC(Fy; p) =
0 else

Proof. To start, note that HIF, is p-complete, so we do not run into any p-
completion issues and can use the p-complete definition of TC. Now, recall from
Theorem [4.3.1]that m, THH(F,) 2 F,[u] with |u| = 2. Since the homotopy groups
are concentrated in even degrees, multiplying by the fundamental class o € 71(S1)
is trivial, as it increases degree by 1. To compute TC(F,), we use all of the tools
that we now have, combined with some results that we quote below, extending
the computations from Example 3.3.12] We use the homotopy fixed point and

Tate spectral sequences,

Ey*(TC™(Fp)) = Hyo (S F,) @ Fylp] 2 Flt] @ Fyly] = m, TC™(F,)

= Harp

E;*(TP(F,y)) = Hy,, (S5 F,) @ Fylu] = Fylt,t 7] @ Fylu] = 7. TP(F,)

= Hgrp

with |t| = (2,0) from HZ, (S";F,) and |u| = (0,2) from m THH(FF,). All classes
have even total degree, so both spectral sequences collapse at the F, page for
degree reasons. We claim that there are multiplicative extensions, with p repre-
sented by tp in mo TC™ (F,).

Consider the cofiber sequence THH(F,) & THH(F,) — THH(F,)/p and apply

(—)"S" . This gives a long exact sequence
. = m(THH(F,)/p)"" % = THH(F,)"" % o THH(F,)"S" = ...

where [ is the Bockstein connecting map. Morally, our claim is that u is of.
Concretely, in the S* homotopy fixed point spectral sequence for THH(F,)/p, let
70 € Ey° denote the mod p Bockstein class. The generator o € m(S") acts by
rotation, on the spectral sequence this gives the dy differential ds(79) = tory = tpu.
Passing through the long exact sequence above, ds(79) identifies the boundary of
multiplication by p with multiplication by ¢ on the transgressed class, which
exactly gives p = tu in 7o THH(F,)*$" = 7, TC™(F,). We get a similar result for

the Tate spectral sequence. A visual representation of these spectral sequences

can be seen below in Figures 4.4.2l and 4.4.2 By multiplicativity of the spectral

sequences, we get

Zpy{p™} form >0
Zpy{t™™} for m <0,

I

Ttom TC™(F,) and 7o TP(F,) = Z,{t ™).



4.4. TOPOLOGICAL CYCLIC HOMOLOGY 65

-8 -6 —4 -2 B 2 4 6 8

Figure 4.2: Homotopy fixed point Fy = E., page.

Next, the canonical map can: TC™(F,) — TP(F,) is induced by the inclusion
hS' — ¢S, so is inclusion on the Ey—pages. In particular since p = tju, can(t) =
t, can(u) = pt~'. The Frobenius ¢,: TC™(F,) — TP(F,) is a ring map with
©p(t) = pt, pp(p) =t [34, Cor. 1V.4.13]. To compute TC, we now use the

cyclotomic fiber sequence

can—pp

TC(FP;p) — TC_(E}) TP(]Fp)

and its long exact sequence on homotopy. We compute can — ¢, in cases.

For m < —1, we have (can — ¢,)(t™) =t — (pt)™ = (1 — p™)t™. Then since
1—p™ € Z,, this is an isomorphism. Hence 7y, TC(F; p) = 7251 TC(Fy; p) = 0.
Similarly, for m > 1, we have (can — ¢,)(u™) = (p™ — 1)t~™. As before, since
p™—1¢€ Z), this is an isomorphism. Hence mo,, TC(Fy;p) = mom—1 TC(Fp;p) =
0.

For m = 0, we have (can — ¢,)(1) = 1 — 1 = 0. Exactness gives a surjection
7o TC(Fy; p) — mo TC™ (F,) = Z, and, since the map to mo TP(F,) is zero, an
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injection m_y TC(F,;p) — mo TC™(F,) = Z,. Exactness at my TC™ shows 7_; TC
is the kernel of Z, — Z,. Thus 7o TC(F,;p) = Z, and 7_; TC(F,;p) = Z,.

Combining the three cases proves

Ly
mn TC(Fy; p) =
0 else,

n=0,-1,

as claimed. O
Classically, the algebraic K-theory computation due to Quillen [35] has
Z/(p'—1) n=2i—1>0,

KH(FP) = Z n= 07
0

n=2>0,
so since Z/(p' — 1) has order prime to p, after p-completion we have

Z
n .

n =20,

Note that K (IF,) is connective, so the cyclotomic trace K (), — TC(F,; p) is
an isomorphism on 7y and trivial in positive degrees, while TC has an additional
Z, in degree -1 coming from the fiber description. By the Dundas-Goodwillie—
McCarthy theorem [I4], we are able to ‘bootstrap’ this algebraic K-theory ap-

proximation from I, to many other rings.

4.5 Relation to Witt Vectors

4.5.1 Witt Vectors

Witt vectors package “p-power data” of a ring A into a characteristic 0 object
that lifts A modulo p. Concretely, for A = IF,,, we recover the p-adics Z,, so Witt
vectors extend this to more general bases. To motivate the definition, we think

of p-adics as a power series in p. Let o € Z,, then we can write
o0
$:Zaipz, a; € {O,p—l]
i=0

The definition of Witt vectors generalises this.
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Definition 4.5.1. Let p be prime and A a commutative ring. For n > 1, the
p-typical length n Witt vectors form a set W, (A;p) = A™ with Witt coordinates
(ag, ..., an—1). Define the Witt polynomials wy, = Zﬁzopjag?jfk. Then the ring
structure on W,,(A; p) is defined so that the ghost map

w: W,(A;p) = A"
((10, . ,an_l) — <U)0, . ,U)n_1>
is a natural ring map.

Addition and multiplication in W,,(A; p) are uniquely determined by requiring
that w(z+y) = w(x)+w(y) and w(zy) = w(z)w(y) coordinatewise in A™. When
p is clear from context or not important, we omit it from the notation.

There is a multiplicative (but not additive) section [-]: A — W,(A), the
multiplicative lift given by [a] = (a,0, ...,0). Then, there are three natural endo-

morphisms relating lengths n and n — 1:
e Restriction: R: W,,(A) — W, _1(A) by R(ag, ..., an—1) = (g, ..., Gn_2).

e Verschiebung: V: W, _1(A) — W, (A) by V(ao,...,an—2) = (0,a9, ..., an_2).
It is additive (but not multiplicative).

e Frobenius: F': W, (A;p) — W,_1(A;p) is the unique ring map satisfying
wi(Fz) = wiy1(z). Equivalently, F'([a]) = [a”] and F' is multiplicative.

These satisfy the relations RV = 0, FV = VF = p, ker(R) = im(V) and F'is a

lift of the Frobenius on A via the multiplicative lift map.

Definition 4.5.2. The (infinite) p-typical Witt ring is the limit W(A;p) =
1'&11 R W, (A; p), with continuous maps R, F, V' induced from the finite levels.

Example 4.5.3. For F,, W,,(F,;p) = Z/p" and W (F,;p) = Z, canonically as
rings. Under these isomorphisms, R and F are reduction mod p"~! and V is

multiplication by p (followed by inclusion Z/p"~t — Z/p").

4.5.2 Witt Vectors as Fixed Points

We know from Theorem [4.2.15|that THH is cyclotomic. Taking Cpn—1 fixed points
of the isotropy separation sequence, as seen in §3.3 with A a commutative ring
spectrum and X = THH(A), we get

THH(A)pc,, — THH(A)" & THH(A)Sm1,
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We show that for A connective, 7o THH(A)nc,. =~ moA. For A connective, the
cyclic bar construction gives that the 0-skeleton of THH(A) is just A. Then, each
subsequent A"t in the cyclic bar construction is connective, and attaching
s > 1 simplices only adds suspensions £* A"+ which are at least 1-connected.
In particular, this means that these attachments cannot change 7. We claim

further that homotopy orbits do not change m, for connective spectra.

Lemma 4.5.4. Let G be a compact Lie group and X a connective G—spectrum

such that the G—action on moX is trivial. Then, moXpg = moX.

Proof. We filter EG by skeleta. The 0-skeleton is a free G-set G, so EG) Aq X ~
G, Ng X ~ X. Attaching higher s-cells adds wedges of ¥*X, each of which is
s-connected, so has mp>*X = 0. Therefore the attachments cannot change 7.
Triviality of the G—action on my.X ensures there is no further coinvariant quotient

on gy, SO Mo Xpa = meX. O

For X = THH(A) with A connective, 7o THH(A) = myA and the S'-action
on g is trivial, so mo THH(A)nc,. = moA.
With this in mind, for A a commutative ring, THH(A)pc,, = moHA = A.

Theorem 4.5.5 ([21, Thm. 2.3]). Let A be a commutative ring. Then on m,

this isotropy separation sequence
THH(A)pc,, — THH(A)%" & THH(A)

becomes
0= A5 Wi (A;p) = WalA;p) — 0.
The inclusion ¢ identifies A with ker(R) via a — V"([a]).

It turns out that this theorem can be generalised slightly. For A a connective,

commutative ring spectrum, we get

0 — moA = W1 (moA; p) N W(moA;p) — 0.
Using Theorem [4.5.5) we get the next theorem.
Theorem 4.5.6. For 0 <k <n, & (Cpn/Cpr) = Wiy1(Z).

Proof. Let S denote S with the trivial Cpn-action. The unit map n: S — HZ
induces a map of cyclotomic spectra THH(S) = S — THH(Z). Hence, for each

k > 0 we get a natural ring map on fixed points

o : o THH(S)* — 7 THH(Z) ¥
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We know that mo THH(Z)%* = W;1(Z) and mo(S) = o (Con /Cpi). Tt
remains to be shown that «; is an equivalence. It is clear that o is an equivalence,

so we proceed by induction. Consider the commutative diagram induced by 7,

THH(S)sc,, — THH(S)“* —— THH(S)%

l l !

THH<Z)hCPk — THH(Z)CP’C N THH(Z>CPJC71'

We can then take m, of the diagram, giving us two long exact sequences with
induced maps between them. Recall that S and HZ are connective, so THH(S)
and THH(Z) are connective. Also recall that B — W (B) is an injection. With

this, we get the next diagram,

m THH(S)% > oS —— mo THH(S)“»* —— mo THH(S) ! —— 0

l lg lak l% by induction lﬁ

0 > 7 > Wie1(Z) ——— Wi (Z) ——— 0

By the five lemma, we find that oy is an equivalence. Hence, &,  (Cpn/Cpr) =
Wi (Z).

U

With knowledge of Witt vectors, we can extend parts of the computation from
the last section to any perfect field of characteristic p.

Theorem 4.5.7. Let k be a perfect field of characteristic p. Then my TC(k;p) =
L.

Proof. Since k is p complete, we can work with the p complete definition of TC.

Then, since THH(k) is cyclotomic, we have

TC(k; p) ~ hoeq< THH(k)"S'" — 2 THH(k)"" ) :

Pp

By Theorem [4.3.1, we know that 7w, THH(k) = k[u] with |u| = 2, so odd groups

vanish. Hence, on 7wy we get
id
mo TC(k; p) ~ e<1< W (k;p) T; W (k;p) ) = W(k;p)"

where F' is the lift of the Frobenius z — 2P from A to W(A;p). At the level of
I, this looks like: F, — & LN k, so at the level of Witt vectors this looks like:
Zy, — W(k;p) d-F W (k;p). Since k is perfect, F': k = ks an isomorphism,
and the fixed points W (k;p)" are canonically W (F,; p) = Z,. O
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Chapter 5

Twisted Topological Hochschild
Homology

This chapter develops a twisted form of topological Hochschild homology for
C,—ring spectra and organises the combinatorics of the twist using A,—objects.
Our presentation mainly follows [7], with minor variations to match the conven-
tions used earlier in this thesis. The topological construction comes first: we
introduce a twisted cyclic bar construction and a norm model. We then extract
an algebraic analogue at the level of Green/Mackey functors and compare with

classical Hochschild theory. Finally, we discuss the twisted cyclotomic structure.

5.1 Twisted THH

We introduce a twisted version of THH, for C),-ring spectra.

Definition 5.1.1. Let R be a C,-ring spectrum with multiplication map pu
and unit map 7. The twisted cyclic bar construction is a simplicial spectrum
B (R): A°®® — Sp given by [q] — R 9*D. Let g € C, be the generator,
and let o, be the permutation of RNtV that cyclically permutes the last smash
factor to the zeroth position and then acts by g on the new 0-th factor. The face

and degeneracy maps are as follows:

s NG : 1A (g—i—1) :
di _ id Ap A id for 0 <i < 4, s; = id/\(i—H) AN A id/\(q_i) .
(uAidNT N oq, fori=q,

The C,,-twisted topological Hochschild homology of R, THH¢, (R), is the geometric
realisation of the twisted cyclic bar construction: THH¢, (R) := |BY %" (R)|.

71



72 CHAPTER 5. TWISTED TOPOLOGICAL HOCHSCHILD HOMOLOGY

In particular, this twisted cyclic bar construction is a variant of the cyclic bar
construction that only differs in the last face map d,,.
We can think of this in terms of a norm construction too, where the model

for the norm is exactly the twisted cyclic bar construction.

Definition 5.1.2 ([2, §8]). For R a C,-ring spectrum, define the C,,-twisted THH
of R as THH¢, (R) = N R.

Example 5.1.3. If R is a C),-ring spectrum with trivial action, then the twisted
cyclic bar construction reduces to the cyclic bar construction and THH¢, (R) =
THH(R).

Computing nontrivial examples is outside the scope of this thesis. We refer
to [1] for computational methods and further examples.

Unlike in the nonequivariant case where the algebraic Hochschild homology
came before topological Hochschild homology, in this equivariant twisted case,
the topological construction came first. We work backwards to try to discover

what the algebraic analogue should be.

Definition 5.1.4 ([7, Def. 3.29]). Let R be a C,-Green functor. The C,,-twisted
cyclic nerve of R, HCS™(R), is a simplicial C,,-Mackey functor with k-simplices
[k] — R given by the twisted cyclic bar construction with O replacing A.

We can extend this definition further to pairs of finite subgroups of S?.
Definition 5.1.5 (|7, Def. 3.30]). Let H C G C S* be finite subgroups, and R

an H-Green functor. The G-twisted cyclic nerve of R is
HCf (R). = HCY (N (R)).
The G-twisted Hochschild homology of R is
HH{ (R); = H;(HCF(R).).

Conceptually, this models the restriction Rgl THHp(R) at the level of Green
functors. In Definition [5.1.5] on the right hand side we are taking homology of
a simplicial Mackey functor which is not a prior: well-defined. However, we take
the alternating sum of the face maps as our differential and homology of a chain
complex of Mackey functors is taken for each subgroup. Equivalently, we can use
the Dold-Kan correspondence to differentially graded Mackey functors and take
homology of that [16, Cor. 2.3].

With this, we get an algebraic analogue of twisted THH. Now we can extend
Theorem to the equivariant setting:
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Theorem 5.1.6 ([5, Thm. 1.1]). Let H C G C S* be finite subgroups and R a

connective, commutative H-ring spectrum. There is a natural map
iy THHp (R) — HHE (g (R))x
which is an isomorphism for k = 0.

The authors then go on to extend the classic result of Hesselholt and Madsen
Theorem with [7, Prop. 6.5]. This proposition is outside the scope of this
thesis, but the authors use [7, Lem. 6.10] to prove the proposition. We will focus
on this lemma.

To simplify notation, for the remainder of this chapter, we write N;'X and

12 X in place of Ng:X and zg:X respectively.

Lemma 5.1.7 ([7, Lem. 6.10]). Let Q be a commutative Cyr-1,-1ing spectrum,

where p is relatively prime to n. Let
k ok k
Uﬁkflni Q — ZZk?1n]V£;12nCQ
be the unit of Cyr-1,-commutative ring spectra adjunction and let
k

k k
p . p D
€t Ny i R— R
pk—1 pk—1Ypk—1

be the counit of Cyx-commutative ring spectra adjunction. Then the restriction of

the composite

ko k=1 k
pF T In (L phn
Pk n Mkttt (npk_1"> Pk % pFnarpbn
Nyt @ > N eoaleate N k—an
pP=1"p (with n) pk—17ph—1"pk “Tp

k
EP

k—1 k k
P -pEn Arp®n
P— Npk,an
(without )

to Cpr-1-1ing spectra is

Q/\p (g71A...AgIP oy Q/\p

where g is a generator of Cpe-1,,, @ s a permutation of the factors, and the j; are

integers.

In [7, Rmk. 6.11], the authors remark that this final formula relies on an
explicit choice of the construction of the norm N 5 :_1nQ. This relies on an explicit
choice of coset representatives to define the Cpr,-action. With this in mind,

let v denote a generator of C, and we note that the authors’ choice of coset

pEn
representatives was {1,7,72,...,7771}. We explore consequences of their choice
against our choice {1,7",7?",...,7"~Y"} Let @ be a commutative Cpr-1,-1ing

spectrum, then consider the below diagram:
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ko k-1 ko k k k
A J— AN PO
ph—1tpk—1 Q ph—1tpr—1 | Lk pk—an
k —
pn =
Mok—1,, / lapk
ko k-1 k k k k
P g n(,p'n pn DTN ATPT TV
Npk—lzpk—l <Zpk—1ank—an> ok Npk—an

Let £ denote a generator of Cpx, then in the norm N ;’ :,1 we canonically choose
{1,&,...,£P71} as coset representatives. Then mapping by the inclusion of Cpr —
Cyrn, We recover coset representatives {1,7", ..., 4P~} Using this diagram, our
choice of coset representatives appears to be the natural choice. With our choice,

we recover a simpler formula:

Lemma 5.1.8. Let () be a commutative Cyr-1,-1ing spectrum, where p is rela-
tively prime to n. Using coset representatives {1,~", ...,’y(p_l)”}, the restriction

of the composite

koook—1
NP (k-1 :
N g S U i
ph—1tpk—1 . 7V k1l -1k k=15,
(with n) p p p p
€p£ 1 k k
P PN n
> b, NpkAHQ
(without n) P p

to Cpr—1-1ing spectra is

Q5 Q.

Proof. Let G = Cpr, = (), H = Cpi—1,, = (77), and let @ be a commutative
H-ring spectrum. We have G/H = C, = (v | v* = e), with coset representatives
{e,y", v, ...,yP=U"} . Let h = 4™, the generator of Cpr C Cpry,. Now, we can
consider the unit map 77;)7 :Zn as

id A1NP=1)
e

Q=QAN sAP—1) Q.

k k k k
3 P prn pTn : pn
Then, we can view Npk,lzpk,lek,an as p smash copies of NP,HHQ. We get

k
p
Ap Epk—1

k k k
P n PN ATPT TV
(Npk_an> s i NELQ

mult
id Ah/\h"’A...Am T

(¥5.2)

AP
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where hi: N2 Q — N”." (@ is action by h’. Tt remains to see how h’ acts with
p n p n
our choice of coset representatives. First we show how h acts, and to keep track
of positions, we add a subscript:
_ —1
h(e1, 73, s ¥ = (PPep, PR, oy YPAET™)
So h is the permutation (123. .. p). Therefore, the counit is given by the composite

r, e --- e r, e - e
Tz € 0 € idARARZA-ARPT e Iz - €
(w1, 20,...,2p) = | . -
T, € - e e e - T
mult
— (513'1, XTo, ... ,QZ'I;).
Hence, the composite is p-smash copies of the identity. O

This proof is slightly misleading since spectra do not have underlying sets.
However, the permutations and actions can be best understood by looking at
what the corresponding permutations and actions do to tuples.

We give an example of this theorem, and compare it with [7, Ex. 6.12].

Example 5.1.9. Let p = 3, k = 1, n = 2 and ) be a commutative Cs-ring
spectrum. Then we have G = Cg = (), H = Cy = (¥3) and G/H = (3. We
pick coset representatives {1,72,7}, so h = 7? generates C3 C Cs. Now we can

compute how 7 and +? act on the cosets:

{11,732, 73} = {7*e2,v*73,¥*71i},

{11,735, 73} = v{7’e2, V72, ¥* 11} = {7%e3,7%77, %2} = {es, 3, )

6
e

With these coset representatives, we calculate 30 N7 (n8) explicitly. Consider
the unit map as

HR =~ HR NS 9NN phs.
so then €2: N3 NSHR — iSNSHR is given by

A3 mult .

AR, (NSHR)" 2 S NSHR.

(N26 HE) A3
We can view (NSH E)A?’ as nine smash copies of H R, so we think of this as

T, e e
($17x27x3)'_> Ty € €

T3 e €
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Then we act by id, h, and h? on the rows in order. Since h is the permutation
(123), h? is the permutation (132), so we get
r e e r e e
id AhAR2 mult
19 e e| —— | e 1 e | — (71,72, 73).

T3 e e e e x3

Hence the map is given by
idA3
e8 o N3iS(g): HR™ s HR".

This is notably simpler than the formula in Example [7, Ex. 6.12] which is

id AgAid)oyp
-

HRM ! HR"

where ¢ is the permutation (1)(23).

We note that with coset representatives {e,v,7% ...,7*7'}, v acts on the
cosets just by a cyclic permutation and acting by the generator on any that
cycled around. This exactly matches the twisted cyclic bar construction, which
was convenient for the authors’ proof of [7, Prop. 6.5].

However, with the simplified formula in mind, we propose our coset repre-
sentatives {e,y",...,7y®?"Y"} as the “categorical” choice. The following is a well

known result in category theory:

Theorem 5.1.10. Let L and R be left and right adjoint functors between cate-
gories C and D

then the composite
LX % LRLX %5 X

15 the identity.
Proof. Let A € C and B € D. Write the adjunction as
&, 5: Homp(LA, B) = Home(A, RB).

By definition, ng = ®414(idza), €5 = @égﬁ(idRB). Fix X € C and let o :=
erxoLnx: LX — LX. Apply ®x 1x to a, ®x rx(a) = R(erx)onx. Naturality
of n gives R(erx) onx = nx because R(epx): RLRLX — RLX folds the extra
RL factor introduced by nx. Thus, ®x rx(a) =nx = Px x(idrx). Since Px rx
is a bijection, it follows that o = idpx. Hence epx o Lnx = idpx, which is the

required triangle identity. ]
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Theorem [5.1.10| shows that categorically, we expect the identity in a compo-
sition like this.
In the authors’ proof of |7, Prop. 6.5], they implicitly use a special case of the

next theorem without reference or proof.

Theorem 5.1.11. Let G = C,,,, and H = C,, C G. Let R be a commutative

H-ring spectrum. There is a natural isomorphism of simplicial H-spectra
i BYC(NGR) = sdm B (R)

and hence
i% THHg(NSR) ~ sd,, THHy(R) ~ THHy(R).

The idea behind Theorem |5.1.11| matches up with the norm definition of HH%
from Definition B.1.5

Proof. Let G = Cpp = () then H = (™) and the quotient G/H = C,, =
(v | v™). Let R be a commutative H-ring spectrum. To prove this theorem,
we will give a map fo: iGBYY(NGR) — sd,, BYH(R) that is an isomorphism of
H-spectra and is simplicial; that is, satisfying the simplicial identities.

With the coset representatives {e,~,...,7" '} for G/H, we use the indexed

smash for the norm
m—1

NgR ~ /\ R
j=0
where each R(;) is a copy of R as an H-spectrum and ~ permutes the factors
cyclically, YRy = R(j11)-
Let

X, =iBY“(NGR) ~ /q\ m/\ R.j)

where k indexes the ¢ + 1 bar-factors and j indexes the coset coordinates inside

the norm. Let

m(g+1)—

Yy = (sdwBOM(R))g = By 1 (R) =~ /\ Ra

Arrange the m(q + 1) factors as a rectangle with ¢ + 1 rows (indexed by k)

and m columns (indexed by 7),

{(k,j)|0<k<q,0<j<m-—1}
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The X, side reads the smash in row-major order (group first by k) while Y,
with edgewise subdivision reads in column-major order (group first by j). Define
Jo: Xq = Y, by Ry j = Rjgq1)+k- Equivalently, we can write this as a permuta-
tion of {0, ..., m(¢+1) —1}, with 0,,,: km+j — j(¢+1)+k. It remains to show
that f, agrees with the simplicial identities in order to assemble into a simplicial
isomorphism.

In X, for i < ¢ the d; multiplies the i-th and (¢ + 1)-st smash factors, that is,
for each fixed column j, it multiplies R(; ;) with R ;). For ¢ = ¢ it cycles the
last smash factor to the front, gets acted on by h and multiplies with the first

smash factor. The face maps are given by

(..., R(i,j)R(i—I—l,j), ) 0<1<q,

dZX(R(Q i) ...7R( 2, 4)’R( _y ,)) —
j q-2,5) (g1, (hRg-1)R0)s - Rig—25)) =4

Under f,, these two entries go to positions j(¢+ 1) +¢ and j(¢+1)+i+11in

Y,. By definition of edgewise subdivision
&;* = didiy (1) i m1ygr1): Yg = Yo

which (reading by columns) exactly multiplies the pairs of indices j(¢+ 1)+ and
j(g+1) +i+1 in each column. Hence, f, 1d; = d¢f,.

In X,, d, uses the cyclic operator to bring the last row k = ¢ to the front
and then multiplies with row k& = 0 and gets acted on by h. Columnwise, this
multiplies hR(, jy with R(g ;) for each j. Under f,, these land at indices j(¢+1)+¢
and j(q+ 1)+ 0, the last and first entries within the j-th column block of length
g+ 1. On the Y side

dy? = dydys (g41)-- g m-1)(q+1)-

For each j < m — 1, dg4jg+1) multiplies the adjacent pair inside that column
block, and for j = m — 1, the index is ¢ + (m — 1)(¢ + 1) = m(¢+ 1) — 1 which
is the last face on B;f(’il)_l(R) and therefore multiplies the last and the first
entries and acts by h, exactly the required wrap around. Thus, f,_1d, = d;d fq-
The degeneracy maps are given by inserting unit maps in each column. The
same columnwise reindexing shows f,1s; = s5f,.
Thus, f, assemble to a simplicial isomorphism. After geometric realisation we

get the equivalence ¢ THHg(NGR) ~ sd,,, THHy(R). Finally, using Theorem
1.1.13) we get sd,, THH;(R) ~ THH(R). O
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To illustrate what is happening, we give an example of this theorem.

Example 5.1.12. Let m = 3, n = 2 and R be a commutative ring spectrum. So
G=Cs=(y), H=Cy=(y*) and G/H = C3 = (v | ¥*). We consider the step
with ¢ = 1. Then X; = i§BY“(NJR) ~ (R")"?, written as two blocks of three,
with d; given by

0 .1 3,.11,.0
LA (v°r3)r]
0 .1 1,.0
ry 1Ty | = Ty
0 .1 1.0
s T3 TaT3

On the subdivision side ¥; = (sd3BY2(R)); = BY“*(R) ~ R and d3? =
dy o dz o ds, given by (7"0 rore T3 T4 7T5) > (YIrsre e 7“37"4>. We can
package this as a matrix so that rows come from subdivision and columns from
simplicial degree:

To T1 ’737“ 570

re r3 | = | rir

Ty T5 3Ty

With the identifications given in the proof, these match up.

Remark 5.1.13. If we take G = Cr, and H = Cr-1,, C G, then the coset
representatives used in the proof of Theorem [5.1.11|are {e, 7, ...,7*~'}, the same
as those in the paper [7]. In particular, this provides another good reason to use

their choice of coset representatives.

Remark 5.1.14. Let G = Cp,, H = e and consider HF,. We find that
s THHc , (NP*HF,) ~ THH(F,). We computed the right hand side in Chapter
M, and we saw that taking fixed points gives the Witt vectors. Theorem
may give a way to recover this Witt vector result through purely equivariant

means, though we leave this to future work.

5.2 Twisted TC

In the untwisted case, TC is obtained from THH by using its cyclotomic structure.
The same strategy is not so clear in the twisted setting, because the cyclotomic
Frobenius must account for the p-th power automorphism ¢,: C, — C,,. In the
twisted case, we show that THH is twisted p-cyclotomic.

As explained in [7, Thm. 3.4], there is a subtlety in how the cyclotomic
structure is produced in the C,-twisted setting: one must account for the twist

by the p-th power automorphism on C),. The original paper on this subject missed
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the twist [2, Thm. 8.6]. The correction to the p-cyclotomic structure map is given

precisely below:

Theorem 5.2.1 ([7, Thm. 3.4]). Let R be a C,,-ring spectrum and let p be prime

with ptn. Then there is a natural map
THHc, (R) — p;®“» THHc, (¢3R)
that is an equivalence of Cpeoy-spectra. Here:

e ¢p: C, — C), is the p-th power map and ¢, means “regard R as a C,-

spectrum via ¢, ”: the Cy-action on R is precomposed with ¢,,.

® s inflation/restriction of groups: we regard a Cpyeoy,/Cy-spectrum as a
Cpoon-spectrum along the quotient Cpoepy, — Choer /Clp.

However, this cyclotomic map is off by a twist. To fix this, we iterate the
maps and since p { n, the endomorphism ¢, of C,, is an automorphism of finite
order v, given by the multiplicative order of p modulo n. Then Theorem [5.2.1

implies that iterating the previous construction gives a Cpep-equivalence
THHc, (R) = p} @ THHc, (R).

More generally, this motivates the definition of (genuine) twisted p-cyclotomic

spectra:

Definition 5.2.2. For a fixed prime p and integer n with p t n, a (genuine)
C,,-twisted p-cyclotomic spectrum is a genuine S'-spectrum X with an S'-map
X = p;<I>CP(¢;X).

In Chapter |4 we used cyclotomic structure to define TC, so it is natural to try
to use twisted p-cyclotomic structure to define twisted TC¢,. In [7, Rmk. 3.6],
the authors describe the restriction maps R”: THHg, (R)“* — THHg, (R) .
Though it is unclear how to define twisted TC, as a limit over R and F' now,
since we need to take the limit over every v-th term. Consider the case of v = 2,
then R?, F? and RF = FR are all maps that we should consider in the limit;
however, RF' still has a twist. With this in mind, we propose the following
definition of twisted TC:

Definition 5.2.3. Let X be a C,-twisted p-cyclotomic spectrum. Then the C),-
twisted topological cyclic homology of X at p is

TCe, (X;p) — M (XCP’“’ . ch(kfl)u> ’

RY ,FV
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. . C 1)y . . . .
with Frobenius F”: X% — X %=1 corresponding to inclusion of fixed points
. C (._ .. o,
and restriction R”: X% — X“*V arising from the composition X% —
(6 )50 2, X

To match previous TC discussions, we want to bring this into the Nikolaus—
Scholze framework and use a homotopy equaliser definition as in Definition [£.4.2]
In this framework, we expect to need to find a Cpeep-map ¢,: THHe, (R) —
ps THH, (R)'P. From §3.3) there is always a natural map ®“» THHc, (R) —
THH¢, (R)!“?. Composing this map with the equivalence of Theorem yields

the desired cyclotomic Frobenius
¢p: THHe, (R) = pi®“» THHc, (¢5R) — THHc, (¢5R)"",

which is Cpeep-equivariant by construction.

However, again, the Frobenius is off by a twist. In trying to fit this into
the theory, we step back to the nontwisted case. Let T" be a p-cyclotomic spec-
trum. Then by [34, Cor. 11.4.7], the following diagram encodes the structure that
produces TC:

k
TC> L N

|

((I)Cpk—1 T)th N (q)cpk—l T)tC’p

|

(@CpQT)thk_Q - s ...

|

((PCPT)thk—l — (((IDCPT)th)hCPk_Q

! |

ThCpk (Tth)thk—l

In our twisted setting, the only extra bookkeeping is the appearance of the
twists ¢, We see that the Nikolaus—Scholze definition of a p-cyclotomic spectrum
holds information about T%* and restriction maps R¥ for all k [34, Cor. 11.4.7].
On the other hand, in the twisted setting we need to twist v times to get back an
untwisted version. This means that we can only draw the corresponding diagram
when v | k. Hence, this version of twisted p-cyclotomic only holds information
about 7% and RF".

With this, we give a Nikolaus—Scholze style definition of twisted p-cyclotomic.
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Definition 5.2.4. For a fixed prime p and integer n with p 1 n, a C,-twisted

p-cyclotomic spectrum is a genuine Cpeop-spectrum X with a Cpepp-map 1 X —
(%) .

The difficulty now lies in defining twisted TCg, in terms of a homotopy
equaliser. As in the nontwisted case, the canonical map can: X"Cr> — X*Cpe
is inclusion of homotopy fixed points into Tate. However, the Frobenius is
op: X — gb;XtCP. One could try to rectify this by only looking at the v-th
power of p, but this does not remove the twist:

ot X = OO X
= PO X
— (B X))
1 tCyp
~ ((¢p-) " X)
= (6%
Instead, we provide the below theorem detailing how this works:

Theorem 5.2.5. Let X be a C),-twisted p-cyclotomic spectrum, then the C,,-
tunsted topological cyclic homology at p is

) N v—1 . hcpoo can v—1 . o hcpoo
TCc, (X;p) ~ hoeq Vizo ¢piX — vi:o CbpiX P
(pp) 7P

with standard canonical map qﬁ;-X hCpoo ¢;i (X1C)Co and Frobenius map
(b;iX — (b;iHXtCP with indices of p taken modulo v, where ¢;0X =X.

We can think of the homotopy equaliser as

X hCyeo ( XtCp ) hCyoo
v V
o1 X hC,yoo ( ¢ Xtcp) hClpoo
hoeq \ %; Vv
: ()" P
V V
¢;§u_1 X hCyoo ( ¢;V_1 Xtcp> hCpoo

with the canonical map going directly across levelwise, and the Frobenius map
going across levelwise and down a twisted level with the last factor cycling to the

top.
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Proof. We adapt the proof of [34, Thm I1.4.10]. We first consider the square:

k hC pp—i R —F' k—1 hC pyv_i
Vo X" s VY g XM

=0

lapp —can lcpp—can

hC ky—i 1/ 1 hC kv—1
kv * yitC, P RI-FC \ (k=1 [ s ytC, P
VI, (g e )T D Y (g X1

Here, R’ forgets the first v factors, and F’ forgets the last v factors and projects
XCpiv . X"Ga-0r Ry forgets the first v factors and F” forgets the last factor
and projects (X'C)"Cwiv —5 (X1%)"“0-1"  We see commutativity of this diagram
by checking every factor separately. Then computing the horizontal and vertical

fibers yields the below diagram.

RY—FV

hofib s X Cphv s X Cptk-1

| l |

-1 hC pp—i k hC rp—s R —F’ k hC pp—;
Vg @ X Ot s 1 g Xt sy Y g X

lcpp—can lgop—can lapp—can

hC kv—i hC kv—i p1 " h
C p k C p R"—F k C
\/zl-/:l <¢;th P) R — \/Zi1 (Cb;th p> — \/iZyJ,-l <¢;ZXt P)

Cpku—i

By design, the map on the vertical homotopy fibers is R¥ — F", the maps from
Definition [5.2.3] Then, by commutativity of the diagram we get,

hofib ~ hoeq v;/;()l ¢;l (X)hoplﬂ,,i ﬂ) v;/:1 ¢;l (Xth>thkV7i
hC
(vp) kv

In the limit this yields,
hofib ~ TC¢, (X; p)

v=1 ;4 hCpoo —2 s \ v hCipeo
~ hoeq < vz‘:ol qﬁpi (X) — Vi, ¢p¢ (Xtcp) >

(i0p)" P>

as required. O

Example 5.2.6. For n = 1 and X a bounded-below C),-twisted p-cyclotomic

spectrum, we have v = 1 and we recover the untwisted TC(X; p).



84 CHAPTER 5. TWISTED TOPOLOGICAL HOCHSCHILD HOMOLOGY

5.3 Future Directions

The original twisted p-cyclotomic framework, original definition and original de-
scription of twisted TC,, suggest several lines for future directions. Most impor-
tantly, determining a twisted cyclotomic trace map from Ko, — TCg,, restricting
to the ordinary cyclotomic trace. Computing basic, nontrivial examples of twisted
TC¢, and comparing these computations to the nontwisted case. With an ap-
propriate notion of twisted Witt vectors, determining whether m, TC¢,, = W (@),
analogous to the nontwisted case.

As mentioned in Remark there is possibility of applying our Theorem
to recover the result of Hesselholt and Madsen, through purely equivariant

means.
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