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1. INTRODUCTION

Dear Pierre,

For our report we have decided on the topic of Lévy integrals - specifically their
construction and applications. The topic intrigued us as the Lévy integral is a powerful
tool and a natural extension of the It6 integral, yet the number of references are sparse
and give little intuition to the relevant components. We hope to give a streamlined
overview of the Lévy integral in one dimension, and provide intuition along the way.

We will begin by introducing the new concept of Poisson integration as well as several
related constructions needed to define the Lévy integral. Then we review the Lévy-Ito
decomposition and further extend our understanding by showing that, aside from the
Brownian, it decomposes further into a compound Poisson process and a compensated
Poisson process. Finally, we conclude with the construction of Lévy-type stochastic
integrals, and an application of it to options pricing.

2. POISSON INTEGRATION

As a spoiler for what is coming up in section 3, the Lévy-Ité6 decomposition gives
us that all Lévy processes are the sum of a Brownian motion with drift, a compound
Poisson process and a compensated Poisson process. In this section, we construct the
Poisson integral, which (loosely speaking) aggregates the contribution of jumps which
occur at random times in the Lévy process.

First - recall the Compound Poisson process. This process is vital in constructing the
Lévy integral as this type of process contributes to all the jumps of a Lévy process.

Definition

A compound Poisson process is defined as Y (t) = Zéi(f) X;, where N(t) is

a Poisson process and X; are i.i.d. random variables independent to N(T"). The
intensity A of Y(¢) is the intensity of N(¢).

2.1. Poisson measure. In order to construct the Poisson integral, we introduce the
concept of a Poisson measure. This is an example of a random measure - a function
which assigns to each set of an sigma algebra a random variable. However, when we fix

an w € (2, the random measure turns into a measure on the underlying space.
1
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Let (F,o0,pu) be a measure space with o— finite measure p. Then a family of
random variables {N4} ey on some probability space €2 is called the Poisson
random measure with intensity u if:

(1) YA € ¥, N4 is a Poisson variable with mean A

(2) If Ay, Ay are disjoint, then N4, is independent to Ny, .

(3) Vu € Q, N_(w) is a measure on (E, o).

A crude idea for defining the Lévy integral is to integrate against the Brownian and
the Jump process separately. Since a process like a compound Poisson process only has
jumps at discrete times, defining a Poisson integral is in some ways easier than defining
the It6 integral. However, we need a way of keeping track of when jumps occurs. To do
so, we associate to each Lévy process L(t) a process AL which keeps tracks of all the
jumps which occur in its paths:

AL(t) = L(t) — lim L(x)

Tt~

We will write L(t—) to denote lim,_,,— L(x) (since it comes up a lot). Note that AL is
non zero precisely when the path is discontinuous, which is when a jump occurs.
Then doing this, we can associate a Poisson measure N to L:

N(t, Aw) = Y xa(AX(s)(w))

0<s<t

Where A is a measurable set in R\ {0} such that 0 ¢ A. We call such an A bounded
below. We will not prove that this indeed defines a Poisson measure as it is far too
long. One can see that this measure encodes the number of times the path of a Lévy
process jumps with magnitude in A before time t.

Prop. 1. N(t, A) defines a Poisson process.

See that p :=E(N(t,-)) is a Borel measure on R\ {0} which we will call the intensity
measure associated to L. Then compensated Poisson random measure associated
to L is then defined as:

N(t,A) = N(t, A) — tu(A)

By removing drift term from N (¢, A), we see that the process defined by a compensated
Poisson measure has zero mean and in fact N(t, A) is a Martingale called a compensated
Poisson process. Such a process measures the deviation of the underlying Poisson process
from its mean.

2.2. Integration. Now we define the Poisson integral with respect to a deterministic
function.
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Definition

Let f : R — R be measurable and let A be bounded below. Let N be the Poisson
measurable associated to a Lévy process. Then we define the Poisson integral
of f as:

[ H@N (. dn)w) = 3 F@N @ 2} w)

T€EA

Definition

Let the setup be as above. We define the compensated Poisson integral to

be
/f N (¢, da)( /f N(t, dz)( —t/f

Then extending from our interpretation of the Poisson measure N, we see that the
Poisson intergal of f is simply the aggregate sum of the jumps weighted by f, under the
restriction that the jumps have value in A.

Theorem

Let f1 € LY(A, pla), fo € Ll(B ,u|B) Deﬁne ,qu(C) = (Aﬂf_ (C)). Then the
characteristic functions of Y'(t) := [, fi(z)N(t,dz) and Z(t) := [z fa(x)N(t,dx)
are given by:

vy = o (t [ (€%~ g, aldo))
bz(1) = exp (t/}R(ewx —1- i@ac)ufz,g(dx))

Proof. Let f = > cixa, be a simple function and WLOG assume that the A; are
disjoint. Then we have:

(1) E (exp [29/ fi(x)N(t dx)]) =E <exp [Z’Q /A(x) Zznzlci]\f(t, Aﬁ])

E (exp [ifc; N (¢, Aj)])
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The third equality comes from recognising that it is simply the characteristic function of
a Poisson random variable with A = in(c;)u(A;). Then for any arbitrary f; € L*(A, )
can approximate f1 with simple functions, then taking the limit and applying dominated
convergence theorem yields the first result.
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Differentiating the first result with fo and B instead of f; and A gives us

(/f2 tdx)-t/fg Vuda

and the second result follows immediately. O

Remark. This theorem tells us that the [, f(x)N(t,dx) has the characteristic func-
tion of a compound Poisson process, and hence [, f(x)N(t,dz) is a compound Poisson
process.

3. LEvY-ITO DECOMPOSITION

Theorem

(Lévy-Khintchine): For a Lévy process L(t), its characteristic function is given
by

br(r)(0) = exp (t (aiﬁ — 30262 + /]R\{O} (ewx —-1- i6x1|x|<1) H(dx)))

For some o—finite measure II called the Lévy measure of L satisfying
/ min(1, z%)(dz) < co
R\{0}

One should immediately recognise the similarity between characteristic function of
L(t) given by the Lévy Khintchine formula and the characteristic functions of the Poisson
integrals of a function f given in the previous theorem. Indeed, let us examine what
type of process the third term in the Lévy-Khintchine representation corresponds to:

0 _ 1 — 0z, ) (d
exp </R\{0} (e wrl |<1) (dx)

Then define v := Il|g\(—1,1) to be the restriction of IT to R\ (—1,1). Similarly let
= |11\ 0} We can see that the above expression is equal to:

exp (/ ( 0z _ 1) v(dx) +/ e _ 1 — iGm)u(dx))

Recall the theorem from section 2, and substitute A = R\ (—1,1), B = (—1,1) and fi1, f2
for the inclusion functions. We see that the above expression is simply the characteristic
function of

/ N (t,dz) + eN(t,dx)
R\(—-1,1) (-1,1)

So the Lévy Itd6 decomposition allows us to write any Lévy process explicitly using its
associated Poisson and compensated Poisson measures:

L(t) = a(t) + B(t) + N(t, d) +/ N(t, de)
R\(—1, 1,1)
i.e. every Lévy process is the sum of a Brownian with drift, a compound Poisson process,
and a compensated Poisson process (the name given to the process represented by the
last integral).



LEVY INTEGRATION

t

4. LEVY STOCHASTIC INTEGRALS

Now that we’ve seen that the associated Poisson measures align with the Lévy-Ito
decomposition of a Lévy process, it makes sense to define Lévy integrals with respect to
the Poisson measure.

Let £ € B(R)% and 0 < T < co. Then let P denote the smallest o-algebra such
that all mappings F': [0,T] X E x Q — R satisfying:
(1) for each 0 < ¢t < T the mapping (z,w) — F(t,z,w) is B(F) ®
JFi—measurable.
(2) For each z € E, w € Q the mapping t — F (¢, x,w) is left continuous
are measurable. Then P is called the predicable g-algebra and P-measurable
mapping is called predictable.

Definition

Let Po(T, E) be the set of all equivalence classes of mappings F' : [0, T]x ExQ — R
which are equal almost everywhere with respect to p x P (p: (0,t] x A = tu(A))
such that F' is predictable and

P (/OT/E |F(t, )|?p(dt, dx) < oo) — 1l

For a given Borel set A in R\ {0} bounded below, if we let P(t) be the compound Poisson
process defined by P(t) = [, N (t, dx), then for a predictable mapping K : [0,7] x Q —
R we define:

/OT /A K(t,2)N(dt,dz) = 3 K(u, AP(u))xa(AP(u))

0<u<T

/OT /AK@’@N(dt?dw) = /0 ' /A K(t,2)N(dt, dz) - /0 ! /A K (t, o)(de)dt

Similar to the Poisson integral, this integral measures aggregate jumps (with values in
A) of associated compound Poisson process, with jump sizes augmented by K. Then
given F' € Po(T), H € Po(T,R\ {0}), K predictable, a Brownian Bs and an arbitrary
Poisson measure (independent to By) N with compensator N, we can define a Lévy-
type stochastic integral as:

Y(t) = Y(0) + /0 " Gs)ds + /0 " F(s)dB. + /0 t ‘xlﬂﬂ(s,x)mds,dx)

+/0t /|le K(s,z)N(ds,dx)

The Lévy integral arises as a special case of such a stochastic integral. Given a Lévy
process L with associated measures N(¢,z) and N(¢,z), and letting X = /aF,H =
K = xX, then we say Y (t) is a Lévy integral and write:

dY (t) = X(t)dL(t)
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Lévy integrals come with their own It6’s formulas:

Theorem

(Itd’s formula): If YV is a Lévy type stochastic integral of the above form then for
each f € C%(R), t > 0 we have almost surely:

fY () - / O f(Y / 32 -
/ /|I|>1 —)+ K(s,x)) — f(Y(s—))N(ds,dx)
+/ /|a:|<1 f(Y(s=) + H(s,z)) — f(Y(s—))N(ds, dz)

[ H0 o) + Bl = £V (5-)
— H(s,2)0,f (¥ () v(de)ds

We can transform this into a slightly more general form, that actually can be applied
to a wider class (semi-martingales):

Theorem

(It6’s formula 2): If YV is a Lévy type stochastic integral of the above form then,
for each f € C%(R), t > 0, we have almost surely:

Y () - /bf DAY (s) + 5 [ ORFY (=) )
> [f¥ () = F(¥(5-)) = AY ()00 (Y (s-))]

0<s<t

To prove this second formula from the first one is mostly a consequence of applying
Taylor’s formula.

5. WORKED EXAMPLE

We apply this second I[t6 formula to find the stochastic differential of (ey(t)>t>0, where

Y is as a Lévy type stochastic integral. We then find an adapted process Z such that
dZ(t) = Z(t—)dY (t).
We havef(r) = €%, so 0, f(z) = e* = 92 f(z). Using the second It6 formula,

t t
O -0 = [y ()45 [ ay)
0 0

+ Z (ey(s) S AY(s)eY(S_)>

0<s<t
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By definition, Y'(s) = Y (s—) + AY (s), so we can simplify the sum term:
eY(s) _ eY(s—) o AY(S)@Y(S_) — eY(s—)eAY(s) _ €Y(S_) _ AY(S)@Y(S_)
= eV (eAY(s) -1- AY(S))
Then converting notation, we get
1
Y()) = Y (-) Y (=) Y(s—) ((AY(s) _ 1 —
d (e ) =e Y (t) + 5¢ d(Ye)(t) + O;Kte (e 1 AY(s))

To finish off, we can see that if we set Z(t) as below, it will satisfy the given SDE
dZ(t) = Z(t—)dY (t),

Z(t) = exp <Y(t) - ;<Yc>(t)> H eV (14 AY (s))

0<s<t
We show this by looking at both the continuous and jump parts. We use the second
1t6’s formula with only the continuous part first,
1
az.(t) = d (exp (Y() - 310 )
1

= exp (Y(t-) - 30 ) (0¥(0) — 500 + gexp (Y (0 - SE(-) ) o0

1
—exp (Y (t-) — 5V ¢-) ) dY (1)
= Z.(t—)dY (t)
For the jump part, we do something similar,
AZ(t) =Z(t) — Z(t—)

= exp (Y(t) — ;<YC>(t)) 11 e AYE) (14 AY (s)) — Z(t—)

0<s<t

— oxp (Y(t—) +AY () — 1<Yc>(t)> YO T Y6 (14 AY(5) - Z(t-)

2 0<s<t

= exp (Y(t—) - ;(%)(t)) 11 e AV (14 AY (s)) — Z(t—)
0<s<t

=Z({t—)1+AY(t)) — Z(t—-)

= Z(t—)AY (t)

where in the second last line we use that Y.(t) = Y.(t—) by almost sure continuity.
Putting the continuous and jump parts together gives that dZ(t) = Z(t—)dY (t) as
required.

6. FINANCIAL APPLICATION

As we spoke about in our presentation, Lévy processes can be used in financial markets.
They can model asset prices which often exhibit sudden jumps due to events like earnings
announcements, macroeconomic news, or geopolitical events. The classic Black-Scholes
model, which assumes continuous paths driven by Brownian motion, fails to capture
these discontinuities. To address this, Merton introduced a jump diffusion model where
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the stock price follows a process with both continuous and jump components [2].

Let S(t) denote the stock price at time ¢. In Merton’s model, the log of the stock price
Y (t) = In S(¢) is modeled as a Lévy process incorporating both Brownian motion and a
compound Poisson process.

In this example, we will compute the price of a European call option on a non-dividend-
paying stock whose price follows the Merton jump diffusion model. The goal is to derive
an explicit formula for the option price and understand how jumps affect the valuation.
Consider a European call option with strike price K and maturity 7. The stock price
S(t) follows the SDE:

dS(t) = S(t-) [ndt + 0dB(t) + (e — 1)AN(1)]

Here, U ~ N(v, 62) represents the log of the jump sizes, independent of B(t) and N (t).
We learned Girsanov theory and the risk neutral measure Q in the seminar phase.
Under Q, the drift term p is adjusted to r — Ak, where r is the risk-free interest rate,
and k = Eg[eV — 1] is the expected relative jump size. Then under Q, the SDE becomes

dS(t) = S(t=) [(r = k)dt + 0dB(t) + (e — 1)AN(1)]

With this setup, the price of a European call option is given by the discounted expected
payoff under Q

C(5(0), K, T) = ¢ ""Eq [max(S(T) — K, 0)]
It can be shown that this expectation can be computed by conditioning on the number
of jumps that occur up to time 7' [2]. The number of jumps NQ(T') follows a Poisson
distribution with parameter AT. Therefore, the option price can be expressed as

> AT)™
o) k1) =3 T
(S0.5.1) =3 TG,
where C,, is the Black-Scholes price of the option when there are n jumps, and the
1
adjusted parameters are S, = S (O)em+5”52, 02 = 0% + ndé% We quickly derive these
adjusted parameters.
Once we condition on some n, and take logs we get
1 n
In(S(T)) =1In S(0) + (7“ — Nk — 202> T+oB(T)+ Z Ui,
i=1

where U; ~ N(v,2) (same as U). Then we know that

n

> Ui ~ N(nv,n6%) and 0 B(T) ~ N(0,0°T).

i=1
So

Sp: =E(n(S(T))) = ln(S(O))—i—(r—)\k—%aQ)T—i—n'y and 02: = V(In(S(T))) = o*+ndé>.

For each n, C), is computed using the Black-Scholes formula with adjusted initial stock
price S, and volatility o,. Recall the Black-Scholes formula for a European call option
is

C 5o (ln (S?”) + (r + %(an)Q) T) ke T <1n (S—IQ) + (7" + %(Un)2> T - O'n\/T)

onVT on VT
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Putting everything together, the option price is then

_ In (SJ> + (r + l(<7n)2) T
C(S(0),K,T) = n;oe AT g S, ® ( K Um/TQ )

ety (ln (S—Ig) + (r T %(an)Q) T a,MT)

- (AT)"

onVT

To get a feel for how these jumps actually affect the price, we compute the price given
up to 14 jumps (this is when the jumps start to become negligible in the case provided).
We start with the following setup for pricing a call option on a stock S(#):

e Current stock price: S(0) = $100, with strike price K = $100 and 7' = 1 year;
Risk-free interest rate: r = 5%, volatility: o = 20%;
Expected number of jumps per year: A = 4 (quarterly reports);
Mean of (log) jump size: v = —0.1, standard deviation of (log) jump size: § = 1.

First, we computed the expected relative jump size:
ko= erta0 _ 1 =% 1~ 1.4918

Under Q, the drift term is adjusted to account for k, that is 4 = r— Ak ~ —1.9172. Now
we go through the details for the first few jumps, and then just summarise after that.
For n = 0 jumps, Sy = S(0)e® = 100 and og = o = 0.2, so we can compute Cp:

s (m (52) + (r+ 5(00?) T) ety (m (52) + (r+ S00)?) T ) Uoﬁ)

ooV'T ooVT
~0
This is weighted by e~ ~ 0.0183. So the total contribution is 0.

For n =1 jumps, S; = S(O)efO'H% = 149.18 and o1 = v0.22 + 1 ~ 1.0198, so we can
compute Ci:

n (5L r+ L(op)? n (3 r+ L(op)?
Ci =59 (1 (K) +O'<1\;_T2( 2 )T) —Ke o (1 <K) +0'(0\;_T2( 2 )T —mﬁ)
~ 22.22

This is weighted by e™* x 4 ~ 0.0733. So the total contribution is ~ 1.63.

To start, as n increases, we will see (), increase because of the positive expected value
of the jump. We will also see that the weight decreases exponentially, so eventually
the contributions will become negligible. We present a table of all contributions up to

n = 14 below in Table
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n Cy ($) | Weight | Contribution (%)

0 0 0.0183 0

1 22.22 0.0733 1.63

2 98.88 0.1465 14.48

3 215.52 0.1953 42.10

4 384.98 | 0.1953 75.22

) 634.49 | 0.1563 99.22

6 1,003.15 | 0.1042 104.60

7 1,548.10 | 0.0595 92.05

8 2,360.12 | 0.0298 70.41

9 3,571.59 | 0.0132 47.22

10 5,371.55 | 0.0053 28.43

11 8,061.30 | 0.0019 15.53

12 12,071.73 | 0.0006 7.42

13 17,955.10 | 0.0002 3.76

14 26,965.44 | 0.0001 1.23
Total $603.88

TABLE 1. Contributions at each n.

We can see from the table provided that the contribution changes substantially as the
number of jumps being conditioned on changes. To see how this compares to the stan-
dard Black-Scholes model, we provide the call option price in the (assumed) continuous
case. Using all the same values as before, we get

oo (m (%) + (r + 10?) T) ety (m (%) + (r+40®) T ) Uﬁ)

oVT oVT
~ 10.42

This is a drastic difference between the two models. This difference in option prices
between the models can be attributed to the presence of jumps in the Merton model.
While the Black-Scholes model considers only continuous price changes, the Merton
model incorporates sudden and significant price jumps, which introduce additional risk
and potential for higher option payoffs - particularly with the expected jump being
positive.

This comparison shows how important it is incorporate the jump structure with a Lévy
process into the model if it is believed that the underlying asset is not strictly continuous.
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