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ABSTRACT. We give a consolidated exposition of the Hopf invariant one
problem. At the prime 2 we mention Adams’ secondary—operation argu-
ment showing that a map f: S?"~! — S™ with Hopf invariant £1 exists
only for n = 1,2,4,8. For an odd prime p we follow the Adams—Atiyah
translation into K-theory and prove that the mod-p Hopf invariant van-
ishes as soon as n > 1. The unique surviving case n = 1 is realised by
an explicit map S? — S® that we construct in detail.

1. INTRODUCTION

The purpose of this report is to give a clear and self-contained account of
two classical theorems about maps of Hopf invariant one. The first, due to
J.F.Adams, asserts that a map f: S?"~! — S" with integral Hopf invariant
+1 can exist only when n is 1,2,4 or 8. The second, proved by Adams and
Atiyah, concerns the odd primary Hopf invariant: it shows that, for any
odd prime p, the mod-p Hopf invariant of a map S?"? — $?"*1 necessarily
vanishes as soon as n > 1.

We begin in Section 2 by giving the definition of the Hopf invariant,
both with integral coefficients and modulo 2. This section also contains
definitions of Steenrod squares, since these cohomology operations are the
basic ingredients in every subsequent argument.

The odd-prime story requires more elaborate machinery. In Section 3
we introduce Steenrod powers and the odd primary Hopf invariant. Then
we assemble the necessary tools from complex K-theory to reproduce the
Adams—Atiyah filtration argument that rules out maps of odd-primary Hopf
invariant one whenever n > 1.

Although the theorem leaves open the special case n = 1, an example
is indeed known. We construct an explicit map S? — S whose mod-p
Hopf invariant equals one, using a combination of Moore spaces, lens spaces
and the Serre spectral sequence. This construction also illustrates how the
general obstruction breaks down in lowest dimension.

For completeness, Section 4 sketches the construction of Steenrod squares
and powers via the fibration S xz , X" — L(c0,p).

2. HoPF INVARIANT ONE AND STEENROD SQUARES

First, we recall the Hopf invariant as we know it, then we provide a
different veiwpoint.
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Definition 2.1 (Hopf invariant). Let f: $?"~! — S™ and form its mapping
cone Cy := S™ Uy *". This has integral cohomology given by

A = 2
H’%cf;Z)%{ £ Omn

0 otherwise.

Fix generators o € H™ and 8 € H?". Since o? € H?" there is a unique
integer H(f) such that o = H(f) 3. This integer, well-defined up to sign,
is the Hopf invariant of f.

Note that changing the orientation of either sphere multiplies both o and
B by —1, so H(f) is stable under the choice of orientation.

Definition 2.2. For every space X, there are natural cohomology operations

called Steenrod squares. These are homomorphisms Sq’: H"(X;Z)2) —

H"t (X 7/2) characterised uniquely by the following properties:

(1) Naturality, for f: X — Y, Sq*(f*(x)) = f*(Sq‘(z))

(2) Sd'(z +y) = Sq'(x )+Sq( )

(3) Cartan formula Sq’(z — y) = 3", Sq*(x) — Sq"*(v)

(4) Sq'(o(x)) = o(Sq*(z)) where o: H™(X;Z/2) — H™ (XX, 7Z/2) is
the suspension isomorphism given by multiplication with the funda-

mental class of H(S1;Z/2).
2

(5) Sqi(z) = {‘” i =z

0 i> |zl
(6) Sq° =1id
(7) Sq' is the Z/2 Bockstein homomorphism f associated with the co-
efficient sequence 0 — Z/2 - Z/4 — Z/2 — 0.

Property (5) explains the name of these operations. Steenrod squares are
stable operations (property (4)) extending the cup square.

Definition 2.3 (Mod 2 Hopf invariant). Let f: $?"~! — S™ with mapping
cone Cy, and reduce « and /3 from Definition 2.1 modulo 2. Let x,, € H™(Cy)
and x9, € H2"(Cf) be the mod 2 reductions of o and 5. Then Sq"(z,) =
Hy(f)zon, € H?"(Cy;Z/2), and the integer Ha(f) € {0,1} is the mod 2
Hopf invariant. Notice that Ha(f) = 1 exactly when Sq": H"(Cy;Z/2) —
H?(Cy;7Z/2) is non-zero.

Theorem 2.4 (Adams). A map f: S*~1 — S" with Hao(f) = 1 can exist
only forn=1,2,4,8.

To prove this, Adams [1] introduces a secondary operation built from
Sq*~! and shows that its indeterminacy vanishes unless n is a power of 2.

Theorem 2.5. If f: S*"~! — S™ has Hopf invariant one, then [f] € 75_, is
nontrivial and so XF f: S2tE=1 5 §n+k gre all homotopically nontrivial.

Proof. If f: S?"=! — S™ has Hopf invariant one, then by the fifth property
of Sq, Sq™: H"(Cy;Z/2) — H?"(Cy;7Z/2) is nontrivial. Then by the fourth
property, we similarly get Sq™: H""*(SkCy;Z/2) — H?*""F(SCy;Z/2) for
each k. Assume for a contradiction that X*f were homotopically trivial,
then there would be a retraction r: L*C = 8™tk Then a diagram would
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commute by the naturality of Sq”. But clearly H*"*tF(S"*#,7/2) = 0, a
contradiction.

Hn+k(5n+k: 7/2) —— Hn+k(2k0f 7./2)

Sq”l sqnl

H2rk(gntk 7,/9) Ty H2HR(SRC 7,/2)

3. OpD PRIMARY

The integral and mod 2 story extends to any odd prime p, after replacing
Steenrod squares by the Steenrod powers P".

Definition 3.1 (Steenrod powers). For every space X, there are natural co-
homology operations called Steenrod powers. These are homomorphisms
P HY(X;Z/p) — H”+2i(p—1)(X;Z/p), for odd primes p, characterised
uniquely by the following properties:
(1) Naturality, for f: X — Y, P/(f*(x)) = f*(P'(z))
(2) P'(z+y) = P'(z) + P'(y)
(3) Cartan formula P'(z — y) = >, Pk(z) — P Fk(y)
(4) P'(o(x)) = o(P"(z)) where o: H™(X;Z/p) — H™ ! (EX;Z/p) is
the suspension isomorphism given by multiplication with the funda-
mental class of H1(S1;Z/p).

| %= |z
5) Pi(z) =
G P =90 95
(6) P° =id

Theorem 3.2. The Steenrod squares and powers satisfy the so-called Adem
relations
a+b

b—j—1 o

. a b — a+b—j J
if @ < 2b] Sq”* Sq Z(a_2j>Sq Sq

7=0

a+b ' ( —1)(()—')—1 o
[if @ < pb] PPt =" (~1) < P J >Pa+"JPJ

. a—pj

7=0

PosP = aib(_l)aﬂ' ((p -1 —J) - 1>IBPa+b—ij

= a—pj
a+b .
[if a< pb] _ Z(_l)a—i-j (p - 1)(b — ]) -1 Pa+b_j,8Pj
o a—pj—1

We take (Z) =0 if n or r is negative or if r < n.

These can be proven from the construction of the Steenrod squares and
Steenrod powers.

We use these new operations to define the main topic of this paper, odd
primary Hopf invariant.
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Definition 3.3 (Odd primary Hopf invariant). Let f: S?"? — S?"F! with
mapping cone Cy = S?"T1 Uy e2"PT1. The composite

P": H*™(Cy; Z/p) — H*™(C; Z/p)
is called the odd primary Hopf invariant of f.

Adams and Atiyah translated the odd primary problem into K-theory as
well, where Adams operations act diagonally after rationalising. We now
summarise the K-theoretic filtration argument of Adams-Atiyah in [2].

Theorem 3.4. Let p be an odd prime, n a positive integer not dividing p — 1
and 1 < i <p. Then, for a suitable integer k, the p-primary factor of

H (knz _ kn]) < pn—l
1<j<p,i#]

In what is to come, it will be useful to filter K*(X). When X is a CW
complex, we can filter K*(X) using the descending filtration

F,K(X) =ker(K(X) = K(X*71))
where X® is the s-skeleton of X.
Lemma 3.5. If x € Fp,K(X), then ¢*(z) — k"x € Fy, 1 K(X).

Proof. From the long exact sequence of the pair (X?7, X?"~1), we can look
at the below piece,

K(XQn/Xanl) i> K(X2n) i> K(Xanl)
Take x € Fy, K(X). There is the natural inclusion j: X?* — X. We know
that j*z maps into the kernel of i* in the sequence. So by exactness, we
have j*z = m*y for some y € K(X?"/X?*"~!). Then,

FF = k") (@) = (" — k"))

= (4* — k")

=" (V" — k")y
But, X2" /X%~ is a wedge sum of S?"s. Thus, ¢*(y) — k™y = 0. Therefore,
(YF — k™)z € ker j. Hence, in Fy, ;1 K(X). a

We can define the K-theory analogue of Betti numbers as follows:
By, = dimQ(FQnK(X) ® Q/an_HK(X) & Q)

By the Chern character isomorphism, these are the same as the normal Betti
numbers in cohomology.

Lemma 3.6. Let X be a finite dimensional CW complex. Suppose Ba,(X) =
0 forn#0,n <---<mng.. Letkgy,....,k. € Z, then

r

[T(o ) =0

=0
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Proof. All terms in the product commute. By Lemma 3.5, if z € Fy,,, K(X)®
Q, then (¢ — k') € Fop, 1 K(X)® Q. Using the assumption we get
(Y*i — k")x € Fy,,+1K(X). By repeating the argument, for every element
of the product we get,

r

[Jw" = k") € o, 1 K(X)
=0

Hence, [[i_ (% — k') = 0, because Fby,, +1K(X) = 0 by assumption. [

Using this formula, we get an Eigenspace decomposition for 1/*. We give
an outline of how this works below.
Let Vi = Im H#i(wk — k™) e K ®Q. Then from linear algebra, we have

Vik = ker (1% — k™) and D, Vir = f((X) ® Q. By Lemma 3.6,

Vip =Im [ J(% — k") C ker(y* — ") = V;,
J#
Since k,{ were arbitrary, we have that V;, = V;, for any k,¢. Thus, we
can omit the second subscript, and have @, V; = K(X) ® Q. We have a
projection map m;: K(X) ® Q — V; given by

wk‘j _ k;nj
mi@) = ey
g i

Note that mz = x for x € V; and mx = 0 for x € V; for j # 4. This follows
from V; being the eigenspaces of ¢¥. Decomposing into a sum 3, m;(z) will
be useful in proofs to come.

Definition 3.7. Define d;(n1, ...,n,) to be the ged of all products of the form
eq, (& — k:;lj) Using the formula for m;(x), the denominator of
mi(x) divides d;(nq, ..., n;).

Theorem 3.8. Let X be a finite CW complex. Suppose p™i tdi(n1,...,n.) for
each i. Then YP(z) € pK(X) & Torsion(K (X)).

Proof. Can write any z € K(X) ® Q as 3, mi(z). Then,
PP(x) = ZW’(m(z)) = anim(ﬂf)

If = is integral and p™ does not divide d;(n1,...,n,), then each term in the
sum must be of the form py;/q; with y; integral and p 1 ¢;. Hence, the full
sum is of the form py/q with p{ ¢. If we look at what this means in K(X),
we get 1P (z) € pK(X) @ Torsion(K (X)). O

Definition 3.9. We define Z localised at p, written Z,), to be

Zip) = {%|aez,beZ\{o},p+b}

Corollary 3.10. Let X be a finite CW complex. Suppose p™i t d;(ni,...,n,)
for each i. Suppose further that H*(X;7Z) has no p-torsion. Then the pth
cup power s 0 mod p.
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Proof. To prove this, we use the Atiyah-Hirzebruch spectral sequence,
H*(X; K*(pt)) = K*(X)

with all differentials as torsion operators. We can also tensor the spectral se-
quence with Z,. Then, since H*(X; K*(pt)) has no p torsion, the resulting
spectral sequence has all differentials zero. Hence, F5 = E,, and

H*™( X Zy)) = H™(X) ® L) = Kon(X)/Kons1(X) ® Zy)

Since X has no p torsion, the map H*(X;Z,)) — H*(X;Z/p) is surjective.
Now, any y € H*(X;Z/p) is in the image of some element z ® a € K(X) ®
Zp- But, (r ® a)P = 2P ® a? = 0 since 27 = 0 by Theorem 3.8. Hence, the
pth power map is zero. O

Lemma 3.11. Let p be an odd prime, n a positive integer with n{ p—1. Then
there exists positive integer k such that p" does not divide Hje{l,...,p}\{i}(km_

k™3 for alli € {1,...,p}.
Proof. Let p® be the highest power of p dividing

H (knz - kn])
Je{1,..p\{i}
with k£ to be determined. We want to show that e < n — 1. Suppose
ged(n,p — 1) = h, then n = ah and p — 1 = bh with a,b > 1 since ntp — 1.
Let p/ be the highest power of p dividing n. Then (Z/p/*2)* is a cyclic
group of order pf +t1(p —1). Choose k such that it generates this group.
Then k also generates (Z/p*)* for £ < f + 2.

We want to get a formula for e. Note that the highest power of p dividing

H (knz - kn])

Je{L.p\{i}

is the product of the highest powers of p dividing (k™ — k™). If i < j,
(k™ — k™) = (k=3 — 1)k™. Since p and k are coprime, the highest
power of p dividing this term is the highest power of p dividing the first
factor, k"(=7) — 1. Since k generates (Z/p")*, p divides k"(~9) if and
only if p*~!(p — 1) divides n(i — j). From this, we can determine what the
highest power of p dividing each term in the product is. The argument works
similarly for i < j.

Thus, we get
i—1 p—1
- 1 S
—uen([5)+[5))
Hence,
p—1 f
eﬁ(f—l-l)ib =h(f+1)<hp! <n

But, equality cannot hold throughout, since if pf = f 4 1, then f must be 0
and hp/ = h < n. Hence, e < n. O

Theorem 3.12. Let p be an odd prime, n a positive integer with n t p — 1.
Assume H*(X;7Z) has no p torsion and H**(X;Q) = 0 if nt k. Then the
cup pth power H*"(X;Z/p) — H*""(X;7Z/p) is zero.
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This theorem is the key tool used in proving our main theorem.

Proof. Note that we can replace X by X?™*! since we are only looking at
cohomology. Then we know that all Bog(X) are zero except for possibly
when k is a multiple of n. By Lemma 3.11 and Corollary 3.10, we have p™:
does not divide d;(nq,...,n,) so we conclude that the pth power is zero mod
p. O

After all of this set up, we can finally state and prove the main theorem.

Theorem 3.13 ( [2, Odd Primary Hopf Invariant One]). For n > 0, the odd
primary Hopf invariant is zero. That is,

P: H™(CpiZp) - B (Cri Z/p)
18 zero.

Proof. Since n > 1, either n divides p — 1 or it does not. If it does, we use
the Adem relations so that P" = %Panfl. But H?*"*1(Cy) is zero for
1 < k <n, so P"! is zero, which gives P" is the zero map.

Now, assume n {p— 1. Let f: S?"” — §2"*+1 be our map of spheres. Noting
that S?"t1 = 382" we use the ¥-Q adjunction to get a map g: S?"P~! —
Q5?71 From this, we will look at the mapping cone C, = Q5?1 U, 2.

We then compute
2 (08201 — Z keN
0 else.

To do this computation, we use the Serre spectral sequence with the pathspace
fibration Q52"+t! — pS?ntl 5 §2n+l The F,, 1 = E page can be seen
below.

4n Z,
4n — 1
d2n—1
2n 7
2n —1
0 Z

0 1 2n—-2 2n-1

FiGure 1. FEy,_1 page.
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From this, we just read off the cohomology as described.

Note that attaching a 2np cell does not change the even-degree groups in
dimension less than 2np, so Cy = QS*"F1U,e*" has the same integral (hence
mod p) cohomology pattern. So almost all conditions for Theorem 3.12 are
satisfied, except that Cj is not a finite CW complex. This is easily fixed,
because we can approximate Cj; by a finite complex up to any dimension,
so we get that the pth cup power H?"(Cy; Z/p) — H*"P(Cy; Z/p) is zero, so
after suspending, we have P": H*"*1(SC,; Z/p) — H*PT1(C,; Z/p) is also
0.

Then, by the definition of f, f is homotopic to the composite

§2np Xg nQg2tl € g2ntl

where e(t,w) = w(t). This means that e extends the map €¢': XCy; — Cf.
Since e induces an isomorphism on H?"*!, we have that e’ induces an injec-
tion in cohomology. This proves the result. U

Theorem 3.13 has n > 1 in the hypothesis, which raises the question
whether an example can be found for n = 1. To give this example that does
indeed exist, we need a bit more machinery.

Theorem 3.14 ( [3, 41.3]). For any prime power p", XK (Z/p", 1) is homotopy

equivalent to X1V ...V Xp_1 where X; is a CW complex, with Hy,(X;;Z) # 0
only when k = 2¢ mod 2p — 2.

Proof idea. This can be proven using the Atiyah-Segal completion theorem,
along with Bott periodicity and Adams operations. O

Definition 3.15. We can build a CW complex X with H,(X) & G, for
all n by constructing inductively an increasing sequence of subcomplexes
X1 C Xy C -+ with Hy(X,,) 2 G for i <n and H;(X,) =0 for i > n where

e X is a Moore space M (G, 1);
e X, 411 is the mapping cone of a cellular map h": M(Gpi1,n) —
X,, such that the induced map h?: H,(M(Gpt1,n)) — Hp(Xy) is
trivial;
o X =, Xn.
For a space Y, a homotopy equivalence f: X — Y where X is constructed
as above, is called a homology decomposition of Y.

Theorem 3.16 ( [3, 4H.3]). Every simply connected CW complex has a ho-
mology decomposition.

Proof idea. This can be proven using Hurewicz’s theorem, note that a Moore
space is a wedge of spheres, then use the five lemma on a pair of long exact
sequence of pairs. O

Proposition 3.17 ( [3, 4C.1]). Let X be a simply connected CW complex with
a decomposition of its homology groups H,(X) as a direct sum of cyclic
groups with specified generators, then there is a CW complex Z and a CW
homotopy equivalence f: Z — X such that each cell of Z is either:
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o a generator n-cell e}, which is a cycle in cellular homology, mapped

by f to a cellular cycle representing the specified generator o of one
of the cyclic summands of H,(X);
e a relator (n+1)-cell e?1, with cellular boundary equal to a multiple

(6%
in the case that o has finite order.

of the generator n-cell e

(e %4

Proof idea. This can be proven by building Z inductively over skeleta, with
Z' a point since X is simply connected. We then use the mapping cylinder
My, use Hurewicz’s theorem, and do a diagram chase. U

Example 3.18 ( [3, 4L.6, A map with odd primary Hopf invariant one]). Let
p be an odd prime. We will build a map
f: 8% — 5
whose mapping cone Cy = S3 U ¥ e?P+1 satisfies
P H3(Cy;Z/p) — H*HCy;Z/p)  is non-zero.

As a result, we will have found a map f with odd primary Hopf invariant
one. Note that this is important, since f represents a non-trivial class in the
stable stem 73, .

The group H?(K(Z/p,1);Z/p) is non-zero, and by property (5) for Steen-
rod powers Pl(z) = xP # 0 for a generator x € H?(K(Z/p,1);Z/p). By
Theorem 3.14 we have,

p—1
i=1
where each X; has reduced homology

~ _JZ/p j=2i mod2p—2
Hj(XZ) = {0 else

Consider the summand X = X, then H3(X;Z/p) and H**Y(X;Z/p) are
both non-trivial, and

Pl HY(X;Z/p) — HP*(X;Z/p)

is non-zero because it is inherited from the wedge inclusion.
Then, since 71(X) = 0, the construction in Proposition 3.17 realises the
(2p + 1)-skeleton of X as

Cy = S2Uuedue? ue?rtt,

Then, using the homology decomposition, we can take this skeleton to be the
mapping cone Cy of a map of Moore spaces g: M(Z/p,2p—1) — M(Z/p,2).
We then collapse the bottom S? of Cy,

h: M(Z/p,2p—1) % M(Z/p,2) — S5

The restriction of h to its top S?P~! either vanishes or has order p. A Serre
spectral sequence computation (as done last year in an assignment) shows
no element of order p exists in m2,_1(5%), so the map is null-homotopic.
Hence

Cp=0Cy)S? =Y := S v S yetl
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Let f: S? — S3 be the attaching map of this top (2p + 1)-cell, its cone is
Cf =53 Uy e2rtl,

Then, there is a cellular map C; — Cf inducing an isomorphism on
cohomology in degrees 3 and 2p + 1, therefore

P': H¥Cy;Z/p) — H*""(Cy; Z/p)

is still non-zero. Thus f has odd-primary Hopf invariant one, and in partic-
ular f # 0 in 75, 5.

4. CONSTRUCTING THE OPERATIONS

All of the previous sections relied on the Steenrod powers, but a priori,
there is no reason to believe such cohomology operations exist. We give
an outline of the construction given in [3, 4L] of the Steenrod squares and
Steenrod powers in this section, while implicitly proving some of the prop-
erties (not all).

Fix a based CW—complex (X, zg) and a prime p. Define
T: X" — X T(z1,...,7p) = (T2,...,Tp, T1),

so T generates the usual Z/p-action on the smash power. We can give
S>*=U, S§2n=1 < C> the free Z/p-action obtained by rotating every com-
plex coordinate through 27/p. The quotient is then the infinite lens space
L(oo,p) := §%/(Z/p).
Let
LX = 8% xz,, X"?

be the orbit space for the diagonal action. Then, projection to S*° descends
to a fibration

7:TX — L(oo,p),  # '(z)=X"P.
Since the cyclic action fixes the smash product basepoint g, the inclusion
5% x {x} induces a section i: L(co, p) < I'X. Collapsing this section gives

AX =TX/i(L(c0,p)).

Every fiber X”'? meets the section in a single point, so X’ C AX survives.
Replacing S> by S! in these constructions gives subspaces I''X € I'X and
A'X c AX. All of these constructions are functorial in X since given some
f: X =Y, wehave F'f: FX — FY for F any of these constructions.
Using the standard CW structures on L(co,p) and S, if the n-skeleton of
X is 8™, then the pn-skeleton of AX is SP™.

For n > 0 let K,, = K(Z/p,n) and write « € H"(kK,,) for the canonical gen-
erator. With Z/p-coefficients the Kiinneth map gives H*(X)®P = H*(X/P),
denote the image of « € H"(X) by a®P.

Our aim now is to construct, for every a, a class A(«) € HP"(AX) whose
restriction to each fiber X/ equals a®P. By naturality, this reduces to pro-
ducing A(v) € HP"(AK,,).

On K,? the permutation T satisfies T*(12P) = (2P, Tts restriction to the
pn-skeleton

(Sn>/\p _ ((Sl)/\n)/\l) — gpn
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has degree (—1)(1”_1)"2, hence is homotopic to the identity. Note that the
case p = 2 uses mo,(Kop) = Z/2, so is a little different from odd primes.
Since 7j(Kpn) = 0 for j > pn, the homotopy extends over all cells and gives
a map

A AK, — Kp,
unique up to homotopy. Set \(¢) := A*(¢).

For a general a € H™(X) define
AMa) = (Aa)* A(v) € HP"(AX),
which restricts to a®? on every fiber.
We can then compose the diagonal map L(oco,p) x X — I'X with the quo-

tient I'X — AX to get V: L(oco,p) x X — AX. Then, pulling back A(«a)
gives

V(M@) = D wip-1yn—j ©6;(a) € H™(L(o0,p)) © H*(X),
i

where w; denotes a fixed generator of H7 (L(oo, p))
The maps 6;: H"(X) — H""(X) are natural cohomology operations and
vanish for j < 0.

Then, for p = 2 we define Sq¢’ := ¢;. For odd p, things are bit trickier. One
shows 6; = 0 unless j = 2k(p — 1) or 2k(p — 1) + 1, then after applying
normalising constant we define

Pk(a) = (_1)kar_zl 92k(p—1) (Oé), Qp 7é 0,

so that P = id and P*(a) = o? whenever |a| = 2k.
This completes the (sketch) construction of Steenrod squares and Steenrod
powers from the fiberwise class A\(a).
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